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Introduction 

The purpose of this paper is to generaUze some results of Gross-Zagier 
[20] and Kolyvagin [28] to totally real fields. The main result and the plan of 
its proof are described as follows. 

Main results. Let F be a totally real number field and N a nonzero ideal of 

Op- Let / be a newform on GL2(Air), of (parallel) weight 2, level Kq{N), and 
with trivial central character, where Ko{N) denotes the subgroup of GL2(-F): 




where for an abelian group M, M denotes M (g) Wp'Lp. Let Of denote the 
subalgebra of C over Z generated by eigenvalues a(/, m) of / under the Hecke 
operators. For each embedding o" : ^ C, let /'^ denote the newform with 
the eigenvalues a{f" ,m) = a{f,m)'^. Assume that either [F : Q] is odd or 
OTdy{N) = 1 for at least one finite place v of F. Then there is an abelian variety 
A over F of dimension [Of : Z] such that L{s,A) equals Yla-Of^C-^i^^f^) 
modulo the factors at places dividing A''. Our main result is the following: 

Theorem A. Assume the L-function L{s,f) has order < 1 at s = 1. 
Then for any A as above: 

1. The Mordell-Weil group A{F) has rank given by 

rank^(F) = [Of : Z] ords=iL(s, /); 



2. The Shafarevich-Tate group UI(^) is finite. 



The theorem would hold with a weaker condition that cither [F : Q] is odd 
or ord^ (N) is odd for at least one finite place, provided we could overcome one 
technical difficulty. That is, it would be enough to prove Lemma 5.2.3 (below) 
without the assumption that ordp(A^) < 1. 
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Shimura curves. As in the case F = Q treated by Gross-Zagier and 
Kolyvagin, we will prove the theorem by studying Heegner points over some 
imaginary quadratic extension. Let E he a totally imaginary quadratic ex- 
tension of F which is unramified over places dividing N. Assume further 

e{N) = (-1)^"^ where g = [F : Q] and 

e = «)^£„ : ^ {±1} 

is the character on Ap/F^ associated to the extension E/F. Let r be a fixed 
archimedean place, and let i? be a quaternion algebra over F which is nonsplit 
exactly at all archimedean places other than r, and finite places v such that 
£v{N) = — L Fix an embedding p : E ^ B over F. Let R be an order of B of 
type (iV, E), that is an order of B of discriminant N which contains p{Oe)- Fix 
an isomorphism S,- (g) M ~ M2 (M) such that p{E) (g) R is sent to the subalgebra 

of M2(M) of elements (^'^^ ^ j . Then the group 5+ of the elements m B^ 

with totally positive reduced norm acts on the Poincare half-plane H. Thus 
we obtain a Shimura curve 

X^(C) = B+\H X B^'/F^'R'' U {cusps} 

where {cusps} is not empty only if F = Q and £v{N) = 1 for any v\N. By 
Shimura's theory [35], Xt-(C) has a canonical model X defined over F. 

The curve X over F is connected but not geometrically connected. Let 
Jac(X) denote the connected component subgroup of Pic(X/F). Then, 

Jac(X) = Res^/^Pic°(A:/F), 

where F denotes the abelian Galois extension of F corresponding to the sub- 
group • • via class field theory. 

Theorem B. There is a unique abelian subvariety A of Jac(X) defined 
over F of dimension [Of : Z] such that L{s,A) is equal to Yla-.Of-^C^i^'f^) 
modulo the factors at places dividing N. 

We will prove this theorem in Section 3, by combining the Eichler-Shimura 
theory and a newform theory for X obtained by using Jacquet-Langlands the- 
ory [24]. The key to the newform theory on X is Proposition 3.3. L I am 
indebted to H. Jacquet for showing me the proof in the sTipcrcuspidal case 
using results of Waldspurger. (After the paper was submitted, I learned from 
Gross and the referees that some related results have been obtained by Tunnell 
[38] and Gross [19].) 

Heegner points. Let x denote the image on Xt{C) of {V— 1} x {1} G 
H X B^. By Shimura's theory [35], x is defined over the Hilbert class field H 
of E. We call x a Heegner point on X. 
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In order to construct a point in the Jacobian Jac(X) from x, we need to 
define a map from X to Jac(X). Write X^(C) as a union UXj of connected 
compact Riemann surfaces of the form 

Xi = TiXH U {cusps} 

with Ti c c PSL2(M). Then one has Jac(X)(C) = nJac(Xi). We 

define a canonical divisor class of degree 1 in Pic(Xj) (8) Q by the formula 

where for any noncuspidal point p G Xi, Up denotes the cardinality of the group 
of stabilizers of p in F, where pi is a point in TC projecting to p. Now we define 
a map cf) : X ^ Jac(X) (g) Q which sends a point p G to the class of p — ^j. 
It is easy to see that some positive multiple of ^ is actually defined over F. 
Let z denote the class 

aeGa.\{H/E) 

in Jac(X)(£') Q. Let Zf be the component of z in ^4 Q. 



Gross- Zagier formula. Now we assume that a prime p is split in E if either 
p divides 2 or ordp(Ar) > 1. 



Theorem C. Let LE{s,f) denote the product L{s, f)L{s,e, f), where 
L{s,£,f) is the L-function of f twisted by e. Then LE{f,l) = and 

dpV dE ' 
where 

1. {zf,Zf) is the Neron-Tate height of zf, 

2. dp is the discriminant of F, and dp is the norm of the relative discrim- 
inant of E/F; 

3- (/) /) is the inner product with respect to the standard measure on 
Z(AF)GL2(F)\GL2(Ai.). 



If = Q and every prime factor of N is split in E, this is due to Gross- 
Zagier [21]. Again, the extra condition that p is split in E when ordp(A'^) > 1 
can be eliminated if we know how to compute local intersections at p when 
the integral model of Shimura curves has some mild singularities over p. 
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For the proof of the second part of Theorem A, we assume that L[s, f) 
has order less than or equal to 1. By some results in [3] and [40] (the theorem 
in [3] is stated for Q, but its proof can be easily generalized to any number 
field), there is an E such that LE{f, s) has order equal to 1 at s = 1. It follows 
from Theorem C that Zf has infinite order. Now the second part of Theorem 
A follows from Kolyvagin's method [17], [28], [29], [30], which applies directly 
to our case without any new difficulty. The only thing we need is to give a 
correct system of CM-points which we will do at the end of this paper. 

Plan of proof. Now we sketch the proof of Theorem C. Let ^ and $ be 
two cusp forms on GL2(Ai;') of weight 2 and level Kq{N) characterized by the 
following properties: 

• The Fourier coefficients of ^' are given by 

a(*,m) = {z,T{m)z) 

for all m. 

• The form $ satisfies the equality 

^e(/,1) = c(/,$) 

for any newform / on GL2(Af) of weight 2, level Kq{N), and with trivial 
central character, where c is some constant, and (•, •) denotes the Weil- 
Petersson product. 

Then the equality in Theorem C is equivalent to $ = const • * modulo old 
forms, and the proof of Theorem C is reduced to the computations of Fourier 
coefficients of ^ and $ respectively. We will do this by using Arakelov theory 
and the Rankin-Selberg method respectively. (In a separate paper [14], we will 
provide a more simple and direct proof for the Fourier coefficients of $ when 
F = Q.) 

The absence of a cuspidal divisor representative for and the absence 
of Dedekind's ?7-function in the general case cause some essential difficulties 
in our height computation. Fortunately, these difficulties can be overcome by 
using Arakelov theory and the strong multiplicity-one argument. See Section 4 
for a detailed explanation of our method. Even in the case X = Xq^N), our 
method simplifies the computation of Gross and Zagier. 

Acknowledgment. Modulo the construction of the map from Sliimura 
curves to their Jacobians, the formula in Theorem C was first conjectured 
by Gross in [18]. In some cases of F = Q, K. Keating [26] and D. Roberts [33] 
have made some computations of local intersection numbers of some CM-points 
based on desingularizations. See also S. Kudla's paper [31]. 



32 



SHOUWU ZHANG 



I would like to thank D. Blasius, P. Deligne, B. Gross, and G. Shimura for 
their helpful correspondence, and K. Keating and D. Roberts for sending me 
their papers. I would also like to thank the referees for their kind comments 
and suggestions which made the paper more readable. Finally, I would like to 
thank D. Goldfeld and H. Jacquet for their constant support. 

Notation. 

• N^: the multiplicative monoid of nonzero ideals Op- 

• For any ideal m of Op, we define e(m) such that e is multiplicative on 
and such that £{p) = ep(7r) if p is unramified in E and tt is a uniformizer 
of p in Op, otherwise, e{p) = 0. 

• Let Dp denote the inverse different ideal of F, 



and let Dp denote the relative discriminant of E over F. 

• Let dp, dp, dN denote the absolute norms oi N, Dp, and Dp. 

• For a quaternion algebra we let det (resp. tr) denote the reduced norm 
map (resp. reduced trace map). For an order in a quaternion algebra, we 
call the reduced discriminant simply a discriminant. 



In this section we introduce some of the theory of Shimura curves which 
will be used in later sections. We start from the construction of the integral 
model for general Shimura curves through a moduli interpretation in subsec- 
tions 1.1. and 1.2. Then we give a description of the set of special fibers in 1.3. 
In 1.4, we study Hecke operators and their reductions. After some modular 
interpretations, we prove the Eichlcr-ShiniTira congruence relation in a special 
case. Finally in 1.5, we move to the special Shimura curve X constructed in 
the introduction and define the order R and its corresponding level structure. 

1.1. Modular interpretation. 

1.1.1. General properties of Shimura curves. Let F be a totally real field 
of degree g. This means that all Archimedean places of F are real. Fix a real 
place r which allows us to consider F as a subfield of M by the embedding which 
we still denote by r. Let 5 be a quaternion algebra over F which is unramified 
at r but not at the other infinite places. Then we can fix an isomorphism 



tTp/Q{xOp) C Z} 



1. Shimura curves 



(1.1.1) 



B(g)R~ M2(M) eH^~^ 
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where the first factor corresponds to r, and IH is the quaternion division algebra 
over R. See [39] for basic properties of quaternion algebras. Let Ti^ denote 
the Poincare double-half plane equal to C — M equipped with the usual action 
by GL2(M). Thus the first projection in (1.1.1) gives an action of B on Ti^. 

For each open subgroup K oi which is compact modulo , we have 
a Shimura curve 

(1.1.2) Mk{C) = B''\H^ xB^'/K, 

where for any abelian group M , M denote the completion M Jlp ^p- For 
any g G B^ , and open subgroups Ki,K2 such that gKig^^ C the right 
multiplication on {B®F)^ byy"^ induces a morphism : Mxi(C) Mx^iC). 
By Shimura's theory (see [6]), the curve Mk{C) has a canonical model Mk 
defined over F and the morphism g : Mki — ^ is also defined over F with 
respect to these models. 

By work of Drinfeld and Carayol [1] , [4] , [7] , one can even define an integral 
model Mk over SpecOp such that Mr is regular if K is sufficiently small. 
This is what wc need for the computation of heights in Sections 4 and 5. 

If i*" = Q, then Mx(C) parametrizes elliptic curves or abelian surfaces. 
The canonical models and integral models can be obtained by extending the 
corresponding modular problems to integers. See [25] and [1] for details. 

If F 7^ Q, MxiC) does not parametrize abelian varieties in a convenient 
way. But Mk{C) has a finite map to another Shimura curve Mx'(C) which 
apparently parametrizes abelian varieties. Thus extending the moduli problem 
to integers gives the integral models. In the following we will describe the curve 
Mk' and its moduli interpretation. 

Let us fix a quadratic extension F' = F{^/X) of F, where A is a negative 
integer. Consider ^/X as an element in C. Then r can be extended to a complex 
place for F': 

(1.1.3) t{x + yy/X) = t{x) + T{y)V\. 

Let B' denote B F' , let J be a compact open subgroup oi F ^ , and let 
K' denote the subgroup K ■ J oi B' . Then we have a Shimura curve 

(1.1.4) Mk'{C) = f'^'B^'XH^ xB^'P'^'/K' 

= Mk{C)x-, \{Fr\F'''/J . 



Again by Shimura's theory, this curve has a canonical model Mk' over F' and 
the morphism 

(1.1.5) Mk{C)^Mk'{C) 

is defined over some extension of F'. For example, we have the abelian exten- 
sion corresponding to J via class field theory. The image of the morphism in 
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(1.1.5) is another Shimura curve M~ where 



K = K 



n 



1.1.2. A moduli problem over F' . In the following we will explain how the 
curve Mi^/(C) parametrizes certain abelian varieties over F' and, therefore, 
has a model defined over F' . 

For this we write V for B' as a left ^'-module and write for F (g) R. 
Then there is a decomposition: 

= (B ® M) ®M F' ® M = (M2(R) C) e (H Cf'^, 

where we use (1.1.1)) and (1.1.3) with r replaced by all places of F. Now we 
define a complex structure on such that acts on by right multipli- 

cation of the following clement j £ B <SiC: 

Then the space can be identified with the (i? ® M)^ • {F' M)'^-conjugacy 
classes of j: each z = x + yi £ corresponds to an element given by 

(1.1.6) i^=(«^(_°i J ^aj\l®v^,...,l®V^j 

where is an element of GL2{BR) such that its action on 7^=*= gives az{V—i) 
= z. 

Thus is a C vector space with an action by B'. The traces of elements 
£ of B' acting on the C-space Vr are given by the following formula: 

tiii,VR/C) = til) 

where i is a map t : B' F' given by 

(1.1.7) t{£) = 2iiF/q{x) + 2 (trj./Q(y) - y) V\ 

if tv^i/pi{£) = X + yV\. The function t characterizes (Vr, j) uniquely in the 
sense that a complex i?'-module W is S'-linearly isomorphic to {Vu.,j) if and 
only if tr(^, W) = t{i) for every £ € B' . 

Let V ^ V denote the product of the involutions on both factors of B' = 
B ®F F' , and let (5 be a symmetric (5 = 6) and invertible element in B'. Let 
£ ^ £* he an anticonvolution on V defined by 

t = 5-H5. 

Notice that every anticonvolution of B' which extends the convolution on E 
can be obtained in this manner. 
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Let V'F be a pairing on V with vahics in F given by 




Then for any £ e B' , 

il)p{£u,v) = iI>f{u,£*v). 

One can show that the simihtudes of V'F consist of right multiphcation on 

V = B' of elements of B"" ■ F"" . 

Choose a S such that ipriv, vj) G F (g) M is totally positive for v G Vr. 

Proposition 1.1.3. The curve is the coarse moduli space of the 
following moduli functor !F^i over C: For an F' -scheme S, J^,{S) is the set 
of the isomorphism classes of objects \A, l, 9, R] where 

1. A is an abelian scheme over S up to isogeny with an action l : B' ^ 
Ends (A) such that for any £ E B' there is the equality 

tT{L{£),UeA) = t{£). 

2. 9 is an F^- class of polarizations 9 : A ^ A"^ for A G A such that for 
any £ G B', the associated Rosati involution takes l{£) to l{£*). 

2>. K is a K' -class of B' -linear isomorphisms k : V ^ ^(^) which are 
F-symplectic similitudes, where V{A) = f{A)^Q with f{A) = llTp{A). 
This means that each k E R is symplectic between the form ipA induced 
by a polarization 9 E 9, and the form ti:F/Q{uaipF) for some u G F^ , 
a G det K'. 

Proof. Let a; be a point of Mk'{C); we want to construct an element 
[A,l,9,R] in Tf(,{C) as follows. Assume that x is represented by (^^,7). 

1. A is the abelian variety up to isogeny, 

A = A\{Vu,j,) 

with A any lattice of V, where Ja is the complex structure constructed 
as in (1.1.6). Thus, V{A) = V. 

2. L : B' ^ End(^) is induced by left multiplication of B'onV. 

3. R is the K'-class of the map V V{A) induced by right multiplication 
of 7. 

It follows from the definition that the isomorphic class [A, p, 9, R] is an element 
of J^,(C). 
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Conversely, we can construct a point x G M^'iC) from an element [A, l, 9, R] 
of J^,{C) as follows. Let Va denote Hi{A, Q) and let V'A be an alternative form 
defined by one polarization in 9. Then Va is a S'-algcbra which is isomorphic 
to V at each place of F' by a map in R.. It follows that Va must be isomorphic 
to V. We may identify Va with V = B' hy fixing such an isomorphism. By 
the second condition, the alternative form tpA has the form 

tpA{vi,V2) = tr:p/QipF{vib,V2) 

for some b' & . If k G k then k is induced by the map v vy with 7 G 5 ^ . 
Condition 3 implies 

(1.1.8) trp/Q{u7pF{viX, V2X)) = tlp/Q{7pF{vib, V2)). 

This is equivalent to the equation uxx = b. By Basse's principal (sec [27, 
§2.2.3]), this equation must have a solution x e B ^. After modifying the 
isomorphism (f) : Va —>■ V , we may assume that 6 = 1. Then equation (1.1.8) 

implies that 'y G B^ • F' . Such a 7 is uniquely determined modulo right 
multiplication of K' once (/) is fixed. We may replace (p by bcj) with b E B^ ■ F ^ 
which acts on V by left multiplication. Then 7 is changed to 67. 

Let Ja G GLk(Vr) be multiplication of in the complex structure on 
Lie(^). Then Ja commutes with the action of B^ so that it is given by right 
multiplication of an element which we still denote by Ja- Since Ja preserves 
the alternative form ^a or equivalently the form ^p, we see that Ja G B^ (8)M. 
Now, 

= ("1 <8) /?!, • • • , "fl ® (3g) 

where for each i, either aj = l,/?j = \/— 1 or a? = — 1, /3i = 1. By computing 
the trace of B^. over Va which must satisfy condition 1, we see that Ja must 
have the form 

Ja = (a (g) 1, 1 ® V^, •••,10 v^) 

with = —1. Now a must be conjugate to ^ ^ ^° ^^^^ must be jz 

for some z G H,^. Again this z is unique if ^ : F — Va is fixed. If we change 4> 
to bcf) then z is changed to b{z). It follows that the image x of (z, 7) in Mx'(C) 
is a well-defined point. □ 



1.1.4. Second version. We may also describe Mk' as a coarse moduli space 
of abelian varieties, rather than abelian varieties up to isogeny. For simplicity, 
we assume that K is compact. Then there is a maximal order Ob oi B such 
that K is included in O^. (Notice that this is not the exact case wanted, as 
the Shimura curve X defined in the introduction is the compactification of Mk 
with K = B?' ■F''.) Let Ob' be the order Ob ® Op' of B' . Write Vz for Ob' 
as a left -module. 
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Let U he a subset of representing 

F\F''/detK') 

such that for each u £ U, the alternating pairing utpp is integral on Vz. Let 
u{K') denote det K' n of O^. 

Proposition 1.1.5. The functor J^, is isomorphic to Tk' defined as 
follows: For an F' -scheme S, Tk>{S) is the set of isomorphism classes of 
objects {A,i,0,R\ where: 

1. A is an abelian schem,e over S with an action l : Ob' — ^ End5(>l) such 
that for any £ E Ob' there is the equality 

tr(i(£) : Lie^) =t(^). 

2. 6 is a v{K')-class of polarizations 9 : A ^ A^ such that for any t G Ob'-, 
the associated Rosati involution takes to 

3. R is a K'- class of Ob' -linear isomorphism's k : Vz — ^ T{A) which is 
symplectic with respect to i/ju,a •= ^^p/q{''J'0''^f) for some u E U and 
a e detK'. 

Proof. There is an obvious morphism from J^k' to J^j^, . Now we want to 
define its converse. Let [A, p, 0, k] be an object in J^^^, (S) . Then the lattice 
k{Vi) does not depend on the choice oi n E R. Let A be the corresponding 
abelian variety isogenous to A. Then A has the action by Ob' such that con- 
dition 1 is satisfied. As k varies in k = K'k and 6 varies in ^ = F^9, u in con- 
dition 3 in Proposition 1.1.3 varies in a single double-coset of F^\F^ / detK'. 
Thus we may choose a Oq e 9 such that u eU, and the set of such ^'s forms 
a class v{K')9q. As tr^/Q(na^/'i?) is always integral, V'a's corresponding to 
^0 £ i'{K')9q take integral values on T{A). It follows that every such 9q de- 
fines a polarization of A. Condition 2 in this proposition is obviously satisfied. 
This defines a morphism Fk' which is obviously the inverse of the 

obvious morphism Tk' ^F^i ■ □ 

1.1.6. Remark. Let x G M/^'(C) be represented by (2,7). From the proof 
of Propositions 1.1.3 and 1.1.5, we see that the object [A.,i,9,R\ in J^x'i'C,) 
parametrized by x has the following form: 

2. i is induced by left multiplication by Ob' on V^'y~^. 
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3. 6* is the unique class induced by alternative forms 

I tr^/Q(tVF) : i G n ( ]J u det 7K') i . 
I ueu ) 

4. R is the /(''-class of the morphism Vz — Vz^~^ induced by right multi- 
plication by 7~^. 

Proposition 1.1.7. When K' is sufficiently small, then J^k' {therefore 
^K') representable. 

Proof. For each u G U, let J^k',u denote the subfunctor of J^k' <^ F'F 
with given u in condition 4 of Proposition 1.1.5, where F is the extension of F 
corresponding to F^ det K' via class field theory. Wishing to show that J^k',u 
is representable, we need the following: 

Lemma 1.1.8. There is a positive integer n such that 

(1 + mOpY ■= (1 + rnOpY ^F"" C [(1 + mOpYf 
with some n > 3. 

Proof. We fix an n > 3 and let 5' be a finite subset of (1 + nOp)^ which 
contains 1 and represents the quotient 

{l + nOF)''/[{l + nOFY?. 

For each s G — {1}, let be a prime not dividing 2m such that s is not a 
square in {Of/PsOfV ■ Then 

m := n Ps 
me5-{i} 

will satisfy the requirement. Indeed, the definition of m implies that the mor- 
phism 

{I + uOfY {OF/mOFY 
[{I + hOfY? ^ [{OF/mOFYY 
is injective. Thus (1 + ViiOfY is included in [(1 + uOfY]^- ^ 

We return to our proof of Proposition 1.1.5. Assume that K' is sufficiently 
small so that 

deti^' C {l + mOBY ■ {l + mOF'Y- 

Then v{K') C (1 + uOfY^- Let^ denote the set of elements in (1 + uOfY 
whose squares are in i^{K'). Let K' denote K' T. If t G T, then multiplication 
by t induces an isomorphism 

[A, i, 9, r] [A, i, 9, tR] 
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of objects in J^k',u{S). Here if n is symplectic with respect to V'u,a) then tn is 
symplectic with respect to i^u,at'^- As = iy{K') = iy{K'), it follows that the 
canonical morphism J^k',u „ is an isomorphism. 

Let T-^, denote the functor defined in the same way as JT-, but with 

v{K')-c\ass to replace a single 9. Then multiplication by t induces an iso- 
morphism 

[A,i,e,R\ [A,L,t'^9,fi\ 

of objects in (S). So the canonical morphism JT-, — >■ JT-, is also an 
isomorphism. 

In this way we have shown that J^k',u is isomorphic to ^. Now we 

want to show the representability of JF-, ^. Let d denote the degree of V'u,!- 
Let A denote the moduli functor which classifies abelian varieties of dimension 
ig, with a full level n structure and a polarization of degree d. As n > 3, ^ 
is reprcscntable by a scheme M^^^ ([32, Prop. 7.9]). The functor ^ has a 

finite morphism to A. The conditions in the definition of ^ defines a finite 

scheme M^'^u over M^ n ® F' F which represents T-, ^, also Tk' .u- Now the 

union Mj^i of M^'^u represents J-'k' FF. Notice that M^i has an action by 

Gal{F/F) = F^\F^/deti^' 

which induces a model M^' of M^' defined over F'. This model represents 
J^K' ■ As Mx' (C) is a smooth Riemann surface, M^' is a regular scheme. □ 

1.2. Integral models. 

1.2.1. A new version of Tx'^Fp. Let p be a prime of F of characteristic p. 
Assume that A is prime to p and and that is 1; we fix a square root iJ,p in 

Qp. Then F' can be embedded into Fp over F by sending s/X to Hp. We want 
to extend M^' (8) -Fp to a model Mk',p over Op, the ring of integers in Fp. For 
this we need a new version of the moduli problem J-^' over F^-schemes. We 
start with some notation. 

The algebra Op'^p = Opi ^Zp is the sum of all completions Op'^q at its 
places q over p. We have the following decomposition: 

Cf',p = Opip + Opip 

where Op, p (resp. Op, p) denotes the sum of all completions Op/^q such that 
the map Op/ Op/^q takes VX to fip (resp. —^ip)- For any Opt^p module M, 
we let (resp. M^, M^, M^) denote 0\,^pM (resp. Oj„pM). Let O^,^ 

denote the sum of components of Op,^ not over p and let (resp. Mp) 
denote Cf^/^^M (resp. Op'^pM). 
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Choose 5 and U such that for each u £U, u^p has degree prime to p, and 
u has component 1 at places dividing p. Then we have the fohowing: 

Proposition 1.2.2. The functor J^k' ® is equivalent to the following 
functor J^K',p' for any Fp-scheme S, J^K',p{S) is the isomorphism classes of 
objects [A, L, 9, 1 where 

1. A is an abelian scheme over S with an action i : Ob' — ^ End(^/S') such 
that the following two condition are satisfied: 

(a) Lie(^)p is a locally free Os module of rank 2 such that the action 
of l{F) is given by the inclusion F ^ Fp ^ Os; 

(b) UeiA)"^'^ = 0. 

Here Lie{A) may be viewed as an Os'^p via the action i. 

2. 6 is a v{K')-class of polarizations on A of degrees prime to p, such that 
the Rosati involutions take i{t) to 

Kp-class of O'^i-linear isomorphisms: 

4. RP is a K'P-class of 0^,-linear isomorphisms 

: Vi ^ f{Ar 

which is symplectic with respect to some V'Sa- Here, for a Op-module 
M = Mg, let MP denote the product of components Mg for q J( p. 

Proof. Let us first define a morphism from J^x' ® Fp to J^K',p- Let 
[A,l,0,R] be an object in J^k'{S) where 5" is an F^-scheme. Then we can 
decompose any R into parts 

(1.2.1) R = Rp®R^: Vz,p ® ^ Tp{A) ® f{Ay. 

Furthermore we can decompose Kp into two parts: 

© Kp : V-^.p © V^^p Tp{A)^ © Tp. 

We claim that the object [A,i,9,Rp,RP\ is an object of J^K'p{S). We need 
only verify condition 1 in Proposition 1.1.5. Indeed, by a result of Carayol, 
condition 1 in Proposition 1.1.5, which states that 

tr(i(£),Lie^) =t(£), I e B' , 

can be replaced by the first condition in Proposition 1.2.2 together with one 
further condition that 

A is an abelian variety of dimension Ag. 
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This is a slight generalization of Carayol's proposition in [4, p. 171]. In 
his case p is split in B. His proof can be generalized to our case without any 
difficulty. In this way, we obtain a morphism ® Fp ^ ^K',p- 

Now we want to construct the converse of the morphism of functors con- 
structed as above. Since the fact that A has dimension is implied by con- 
dition 4 in Proposition 1.2.2, we need only show that for a given if^-class 
as in Proposition 1.2.2, we can find Rp with a decomposition as in (1.2.1) such 
that K'^ -class of isomorphisms Kp : Vz,p Tp{A) which is Os'^p-linear 

and symplectic with respect to tra^/'F and some ipA induced by a ^ in 9, where 
a is some element in detiiTp. 

Notice that condition 2 in Propositions 1.1.5 and 1.2.2 implies that all 
these subspaces are null spaces under symplectic forms. So each pair of these 
spaces forms a complete dual. Now we may take to be the dual of k^. □ 

1.2.3. Definitions. Let 5 be a scheme over Op, Q an O^^p-module scheme 
over S. 

1. We say that ^ is a special Os^p-fnodule if the induced action of Ob,p on 
Lie(^) makes Lie(t/) a locally free module of rank one over Os®Op (^E,p, 
where Oe,p is any unramified quadratic extension of Op contained in 
Ob,p. 

2. Let 77, G N and x G G[n](S). We say x is a Drinfeld base of Q of level n 
if, as cycles in Q, there exists the identity: 

[GM = ["^]- 

Proposition 1.2.4. Assume that J is maximal at all places dividing p. 

Then the functor ^K',p ca?^ be extended to the following functor over Op which 
is still denoted by Tki,p'- For any Op-scheme S, J'K'^^piS) is the set of isomor- 
phism classes of objects [A,l,6,x,R,'^'^'^,k^] where 

1. A is an abelian scheme over the scheme S with an action i : Ob' ^ 
End(^/S') such that the following two condition are satisfied: 

(a) := 74[p°°]^ is a special formal OB,p-module. 

(b) A\p°°]'^'^ is an etale O'^^f ^-module. 

2. 9 is a v{K')-class of polarizations on A of degrees prime to p, such that 
the Rosati involutions take l{£) to l{£*). 

3. X is a Kp-class of Drinfeld bases of Q of level n, where n is a positive 
integer such that Kp contains 1 -|- p'^Ob,p- 
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4. K^'^ is a K^-class of O'^f^-linear isomorphisms: 

5. W is a K'p- class of 0^,-linear isomorphisms 

nP :Vl^ f{AY 

which is symplectic with respect to some tr(ua'0F) for some u E U and 
a G detK', and some ipA induced by some element in 9. 

Moreover, when Kp = (1 + p"Ob,p)^ (ind K'^ is sufficiently small, the 
functor Tk' ,p is representable by a regular scheme M.k',p over Op. In general, 
the functor J^K',wp has a coarse moduli space Mk',p over Op. 

Proof. It is easy to see that the conditions in Proposition 1.2.4 are equiv- 
alent to the conditions in Proposition 1.2.2 when 5 is a Fp-scheme. The rep- 
resentability can be proved in the same way as in Proposition 1.1.5. Here we 
need to choose K ^ to be sufficiently small and take care of Drinfeld bases. See 
[4, §5.3 and §7.3]. Also the regularity can be proved using the same argument 
as in [4, §5.4 and §7.4]. 

li K P is not sufficiently small or if Kp does not have the form 
(1 + p"'Ob,p)^, then Tk',p may not be representable. But we may choose 
a sufficiently small normal subgroup K' of K' so that the functor J^~, ^ is 

representable. The quotient M^, ^/K' does not depend on the choice of K' 

and it is actually the coarse moduli space of J^,^, „ □ 

1.2.5. Modules Mk and modules Qk- Recall that Mk has a finite mor- 
phism to Mk'. We, therefore, obtain a model M.K,p for the Shimura curve 

Mk by taking the normalization of ^AK\p in Mk- One can show that this 
model does not depend on the choice of F' and J. By gluing these models, one 
has a model M.k over SpecOi? for Mk, which is regular when K is sufficiently 
small. 

Assume that K' is sufficiently small so that Tk' ,p is represented by a 
regular scheme I^k' ,p- Then over Alx'.pj "we have a divisible O^^p-module 
Qk' '■= Qa ) where A is the universal abelian variety on M-k'- Let Qk be the 
pull-back of Qji^ on Mk- Then Qko does not depend on the choice of J. 

Let Kq denote ^ • K^. Then the scheme M.k over Mkq classifies the 
-R'p-class of Drinfeld bases in Qkq [p"] • 

Let X be a geometric point of the special fiber of M-Kq- Then over the 
completion of the strict localization M.Ko,x^ Qkq is the universal deformation 
of Gko\x- 

1.3. Reductions of models. We want to study the set of irreducible com- 
ponents of the special fibers of Mk- 



HEIGHT OF HEEGNER POINTS 



43 



1.3.1. Split case. Assuming that iJ is split at p, we can fix an isomorphism 
between Ob,p and M2{Op), thus obtaining the decomposition of Op modules 
over Mko- 

Gko =G^®G^, = ^ q q j Gko, G^ = (^^ J j Gko- 

The two Op-modules G^,G^ are isomorphic by the element ^ ^ ^ ^ . It is easy 
to see that in this setting, Mr over Mkq classifies the Kp-class of morphisms 

such that this homomorphism is surjective on cycles. 

Let X be a geometric point in the special fiber of Mko,p- Then the 
Op-module has two possibilities: 

1. Ordinary case: The group is isomorphic to the product of (Fp/Op) 
and a formal Op -module Si of height 1. 

2. Supersingular case: The group is isomorphic to a formal Op-module 
S2 of height 2. 

The set of connected geometric components of the special fiber of Mkq 
over p is the same as that of the generic fiber. Fix a geometrically irreducible 
component D of the special fiber of Mkq over p. Then we have: 

Proposition 1.3.2. Assume that p is split in B. Then the set of the 
irreducible geometric components of Mk over p is indexed by ¥^{Op)/Kp. 
More precisely, for each line C C Op, the corresponding component of Mr 
over p will classify the morphism 

<t>:{Op/pf^g\p^] 

such that ker contains C (mod p) . 

1.3.3. Nonsplit case. It remains to study the reduction of M.k in the case 
that B is not split at p. In this case, one can show that Qk is a formal group. 
It follows that the map 

Mk Mko 

is pTircly inseparable at the fiber over p. So the set of irreducible components 
in the special fiber of Mk over p is the same as that of A^Xo- 

To study the irreducible components of Mkq over p we can use the uni- 
formization theorem of Cerednik - Drinfeld [1], but we need some notation. 
Let Mko denote the formal completion of Mkq along its special fiber over p. 



44 



SHOUWU ZHANG 



Let -B(p) denote the quaternion algebra over F obtained by switching the 
invariants of B at r and p. Fix an isomorphism: 

B(^) ~ M2(Fp) • 

where the superscript p means that the component at the place p is removed. 
Let Q, denote Dehgne's formal scheme over Op obtained by blowing-up along 
its rational points in the special fiber over the residue field k of Op successively. 
The generic fiber of 17 is a rigid analytic space over Fp whose Fp points are 
given by P^(Fp) — P^(Fp). The group GL2(Fp) has a natural action on fi. The 
theorem of Cerednik-Drinfeld gives a natural isomorphism 

where 0^*" denote the completion of the maximal unramified extension of Op. 

To obtain a description of the special fiber of M-Kq^ we notice that the 
irreducible components of special fibers of CI correspond one-to-one to the 
classes modulo of Op lattices in F^. Consequently, we have the following: 

Proposition 1.3.4. Assume that p is not split in B. Then the set of 
irreducible geometric components of Mkq over p is indexed by the set 

B{pr\GL2{Fp)/F^GL2{Op) x B^'^/K^ 

c^B{pr\B{pf/F^GU{Op)K^. 

1.4. Hecke correspondences. 

1.4.1. Definition. Let Mx be a Shimura curve with a compact K contained 
in 0^. Let m be an ideal of Of such that at every prime p dividing m, K 
has maximal components and B is split. Let Gm (resp. Gi) be the set of 
element g of Ob which has component 1 at places not dividing m, and such 
that de\,{g) generates m (resp. is invertible) at each place dividing m. Then 
we may consider Gi as a subgroup of K. The Hecke operator T(m) on Mk is 
defined by the formula 

(1.4.1) T(m)x= [i^^ai)], 

7eGm/Gi 

where {z.,g) is a representative of x in 7i x B^ , and [(2,57)] is the projection 
of {zjgj) on X. It is easy to see that the correspondence has the degree 

degT(m) = ai{m) = ^N(a). 

a\m 

To see that T(m) is a correspondence given by algebraic cycles, decompose 
Gm into a union of double cosets: 

Gm = ^^GigjGi. 
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For each i, let Ki denote the group QiKg^ nK. Then we obtain two morphisms 
pi,P2 from Mftf. to Mk, induced by right multiphcation on 5^ by 1 and gi 
respectively. The image of Mk^ in Mk x Mk by (pi,P2), as an algebraic cycle, 
defines a correspondence Tj. Then T(m) is defined to be the sum of Tj. 

If Mk is the integral model constructed as before then the Hecke corre- 
spondences T(m) can be extended to M.k by taking Zariski closure of cycles 
in M.K X M.K- See moduli interpretation in the next section. 

1.4.2. Moduli interpretation. Let F' = F{^/X) be a quadratic extension as 
in 1.1.1. Let J be a compact subgroup of F ^ which has maximal components 
for places dividing m. Let K' = K ■ J. Then we can use the same formula 

(1.4.1) to define Hcckc correspondence T(r7T,) on Mk'- In the following we want 
to describe a moduli interpretation for T(m). 

1.4.3. Definition. Let [A, p, 6, k] be an object in Tk'{S) as in Proposition 
1.1.5, let m be an ideal of Op, and let D be an O^'-submodule of A[m]. We 
say that D is an admissible suhmodule of level m if the following conditions 
are satisfied: 

1. D is its own annihilator under a Weil pairing 

(1.4.2) (•, •) : A[m] x A[m] ^ e^i^O^/mO^ 
induced by a polarization in 0. 

2. and D"^ have the same order. 

Proposition 1.4.4. Assume that each prime factor i of m is split in 
both B and F' . Let [A,p,9,R\ be an object in J^k'{S). 

1. Let D be an admissible submodule of A of level m, let Ad denote the 
abelian variety A/D, and let p£, denote the action of Ob' on Ad induced 
from that on A. Then there are a unique ^{K)- class 9d of polarizations 
on Ad inside of F^9, and a unique K' -class kd of level structure which 
have the same components as R out side of £ such that [Ad, PDj^DjI^d] 
defines an element in J^k'{S). 

2. The Hecke operator as a correspondence acting on M^' is given by the 
following formula: 

T{m)[A,p,e,K\ = ^[AD,PD,OD,tiD] 

D 

where D runs over all admissible submodule of A of level m. 
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Proof. Choose a root /n^ of A in for each i dividing m. Then we have 
an isomorphism 

Any ©^i^O^/ ^-module M has a corresponding decomposition M = + M^. 

Since T(m) is multipHcative for coprime m's, we may assume that m is a 
power of a prime ideal £. 

1.4.5. Models for OB',e and Vz,e- In the decomposition 

the Rosatti convolution switches two factors. Now, we can fix an isomorphism 
(1-4.3) Ob'/ = Ob/ © OB,e, 

such that the following conditions are satisfied: 

• The second projection is the projection onto O^, ^ composing with the 
canonical isomorphism O^, OB,e- 

• The Rosatti operator is given by 

{a,br = {b,a). 

Similarly, we fix a model for Vz/ as follows. First of all, since 

(1.4.4) '^F{ax,y) ='^F{x,a*y), 
it follows that in the decomposition 

y-L,t = Vi,e ® Vi,e^ 

ipF has the form 

ipFix'^ +x^,y^ +y^) = VF(a;Sy^) -'4)F{y^,x^) 

for a;*,?/* G V^^- It follows that iI)f gives a perfect pairing between V^^'s. So 
we have an isomorphism 

(1.4.5) Vz,i ~ Ob,i ® OB,e 
such that: 

• The second projection is the projection onto V^^ composing with the 
canonical isomorphism 

Vi,e ^ Ob,^. 
(Recall that Vz = Ob' in its definition.) 

• The pairing ipF is given by 
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(1.4.6) tPF{{x\x^),{y\y^)) =tiB/F(.xV) -tiB/Fifx^) 
for x\y^ e OB,e- 

With respect to the decompositions (1.4.3) and (1.4.5), the action of the 
second factor of Ob' e on Vi^£ is given by left multiplication on the second 
factor of Vz,e. It follows from (1.4.4), that the same is true for the first factor. 

Now we want to find a formula for another action Ob/ on Vb/ which is 
originally given by right multiplication in its definition. Let us denote this 
action by r. Let a G Ob/- Since r(ra) is O^', ^-linear, r(a) must be given 
by right multiplication of some element (01,02) of Ob'/ with respect to the 
decomposition (1.4.3). From the definitions of the decomposition, 02 = a. 
Recall that r(a) is a similitude of i/^p: 

'4)F{r{a)x,r{a)y) = det{a)'tjjFix,y). 

Combining this with (1.4.6), we must have ai = a. So the action r is still given 
by right multiplication. 

1.4.6. First statement. Let k be one element in R. Then tensoring with 
Q we obtain an isomorphism 

k:V ^ T{A) IS) Q. 
Notice that the natural map Ad induces inclusions 

r(^) c t{Ad) c t{A) ® Q. 

We want to find 7 G Gm such that t^7~^ = K'^{T{Ar,))- Notice that such a 
7 is unique modulo Gi if it exists. We need only work at the place L 

Let W denote k^^{T(^{Aj;))). Then D is isomorphic to W/Vi^e.. Notice that 
the Weil pairing on A[m] is induced up to an invertible factor by the pairing 

(1.4.7) a^i^F : m'^z.^ x m" Vz,^ ^ Ot, 

where a G is a generator of m. Since D is its own annihilator, it follows 
that the pairing 

a^F -.W xW^Oi 

is perfect. 

With respect to the decomposition (1.4.5), W must have the form 

w = Ob/ii^ © OB,a2^ 

with 7j G Ob J- Notice that Di is isomorphic to Ob.H^^ /Ob/ respectively. So 
Di has order (det(7i)). Since and have the same order, it follows that 
both det7i and det72 generate m. Now as ail)F is perfect on W, 72 must be 
equal to 71 times a unit. So = Vz/7f ^. 
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Let 7 be an element of Gm which has the component 71 at the place 
then we have k~^{T{A]:))) = Vz'y~^- Now we can define kd as the class of the 
composition 

K o 7-1 : ^ = i^-\T{Ad)) ^ T{Ad). 

As in the proof of Proposition 1.1.5, there will be a unique class 9d inside F^O 
such that [Ad, pdjGdjKd] is an object in J^k'{S)- 

1.4.7. Second statement. Let 7 be an element in Gm- Recall that in the 
proof of Proposition 1.1.3, if [{z, g)] represents an object [A, p, 9^, k] in J^j^,{C) 

then [z, (77] represents the object [A,p,6^, R^~^]. Also recall that in the proof 
of Proposition 1.1.5 of the equivalence J^j^, and J^k', these two objects are 
equivalent to 

[A,p,9,R] and [A' , p,9' ,R'j~''-] 
where A (resp. A') is the abelian variety isogenous to A such that 

k{Vz) = T{A) (resp. k o ^-\Vz)) = T{A')) . 
Here 9 (resp. 9' ) is the unique i^(K')-class inside 9^ to make this an object in 

The inclusion Vz C Vz^"^ induces an isogeny A ^ A' with kernel D 
isomorphic to 

We want to show that D is admissible of level m. As the Weil pairing on A[m] 
up to an invertible scale is induced by a pairing as in (1.4.7), it follows easily 
that D is its own annihilator. Also Di and D2 have the same cardinality as 
both of them are isomorphic to Ob/J'^ /Ob/- Thus D is admissible. 

By the first statement, [A' , p,9' ,R'y~^] is equal to [Ad, p,9d,kd]- Prom 
the above arguments, one sees that the correspondence between admissible 
submodules of level m and 7's in Gm/Gi is bijective. The second statement of 
the proposition thus follows. □ 

1.4.8. Remarks. First of all, we may extend Definition 1.4.3 and Propo- 
sition 1.4.4 to Mk',p where p is a prime of F. Indeed, everything is exactly 
the same as above except when i = p. In this case, we need the following 
assumptions: 

1. Assume further that A is split in Fp and choose a square root pp in Fp. 

2. Assume the Weil pairing in (1.4.2) has the values in 

Si[m] e (Bei^m-^Oi/mOi 
where Si is the formal O^-module of height 1. 
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Secondly, D is uniquely determined by as is the annihilator of 
in ^[m]-*^. Actually, the correspondence D i — > gives a bijection between 
admissible sub modules of A[m] and submodules of >l[m]^ of order m?. 

Moreover, if each £\m is split in B then wc may give a further decompo- 
sition for M^. For this we fix an isomorphism Ob^c — ^2(0^). Then has 
a decomposition: 

= M^'^ + M^'^ 

where 

The element w = ^ ^ ^ switches M^'^ and M^'^. 

If D is an admissible submodule of A of level m, then D^'^ is an 
Op-submodule of ^[m]^'^ of order N(m). The map M 1 — > M^'^ is bijec- 
tive between the set of admissible submodules of A of level m, and the set of 
submodules of yl[m]^'^ of order N(m). Indeed, for a given O^-submodule Di 
of of order m, wc can obtain a module D2 = Di + wDi as an OB,m 

module of Let D3 be the annihilator of D2 in A[m]; then D = D2 + -D3 

is an admissible submodule of level m. 

1.4.9. The Eichler-Shimura congruence relation. Let p be a prime in Op 
over which K has the maximal component and B is split. Let Frob(p) be the 
Probenius correspondence on M.K,k where k is the residue field of Of,p- Then 
we have the following Eichler-Shimura congruence relation: 

Proposition 1.4.10. Let Prob(p)* denote the dual correspondence of 
Prob(p). Then 

T(p) = Prob(p)+R:ob(pr. 

Proof. Let F' = F{^f\) be as before, such that p is split in F' . We 
will only give a proof for the special case where Mk can be embedded into 
Mk' for some K' which is sufficient to apply to the curve X defined in the 
introduction. (The proof of the general case can be found in Carayol's paper 
[4, §10.3] where he uses a slightly different definition of Mk' so that every Mk 
can be embedded into his Mk' ) 

It is obvious that we need only prove the same identity for M^-/. Fur- 
thermore, it is true if the identity is true for one K' then it is true for a 
smaller one, as the identity in the proposition is stable under pushforward of 
cycles. So we may assume that K' is compact. Now we need only verify the 
identity for points in MK',p(k). We may only restrict ourselves to the dense 
subset of smooth and ordinary points. These points are reductions of points 
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in AiK',piW) where W is the completion of the maximal unramified extension 

Let [A,p,6,k] be one object in Tk'{W). Then 

T{p)[A,p,e,K] = ^[Ad,pd, 00,1^0] 

D 

where D runs through the set of admissible submodules of level m. We want 
to study the reduction of this identity module p. 

As explained in 1.4.8, D is completely determined by a submodule D^'^ 
of ^[p]^'^ of order p. Since our object is ordinary, ^[p°°]^'^ is isomorphic to 

S := Si ® Fp/Op 

where Si is a formal O^-module on W of height 1. The generic fiber of S 
isomorphic to Fp/Op(BFp/Op. For any t G Op/p, let S* denote the submodule 
of S whose generic fiber is a group of points {tx, x). The submodules of S order 
p are exactly those of S* and Si. 

As the universal deformation space of [A, p, 9, R] is isomorphic to that of 
^[pOoj2,i^ it is easy to see that the isogeny A Ad is purely inseparable if 
D^'^ corresponds to Si, and is etale if D^'^ does not correspond to Si. Thus 
in the first case, 

[Ad,Pd, Od,kd] = Prob(p)[^, p, 6, k] (mod p) 
and in the second case 

[A,p,e,K] =Froh{p)[AD,PD,OD,KD] (mod p). 
Now the congruence relation in the proposition follows. □ 
1.5. Order R and its level structure. 

1.5.1. Construction of R and X. Let be a nonzero ideal of Op and let 
E he a totally imaginary quadratic extension of F whose relative discriminant 
is prime to N. Assume that s{N) = (—1)^^^, where 

^{±1} 

is the character associated to the extension E/F. Then up to isomorphisms, 
there is a unique quaternion algebra B such that B is ramified exactly at the 
place T and finite places p where £p{N) = —1, as this ramification set has even 
cardinality by our assumption. Also by construction, every ramification place 
of B is not split in E. So we may fix an embedding p : E ^ B over F. This 
allows us to consider E subalgebra of B. 

In the following we want to construct an order of of type {N, E); this 
means that R contains Oe and has discriminant N. For each prime p dividing 
N, let pK be a prime of Oe dividing p. Let Ne be an ideal of Oe which is a 
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product of powers of pE and which has relative norm N/Nb- The existence of 
such Ne follows easily from our assumptions. Indeed, if we write 

N= n pt"^''^- n p^'^™ 

e{p)=l e{p)=-l 

then _ 

Ne = XIpe^^^^\ 

p 

Let Ob be a maximal order of B containing Oe- Then we obtain an order of 
B by the following formula: 

R = Oe + NeOb. 

Conversely, any order of type {N, E) of B has the above form with some 
choice of the maximal order Ob- 

As in the introduction, our primary curve of study is the compactification 
X of the Shimura curve associated to the noncompact group ■ . 

1.5.2. Cyclic submodule structures. Let be an open subgroup of which 
has the same components as R over places dividing N. Let J be some compact 
open subgroup of F ^ which has maximal components at places dividing N. 
Let Kq denote the subgroup of which is obtained by replacing components 
of K over places diving A'^ with maximal ones. Let K' denote K ■ J and Kq 
denote Kq ■ J. Then we have a morphism of functors 

In the following we want to show that the fiber of this morphism is given by 
so-called cyclic submodule structures. 

For every prime ■p which is divided by at least one prime factor p in A^, 
we assume that = 1, and fix a square root i2p of in Qp. In this way 
any Opi/N module M has decomposition M = in the same fashion 
as before. 

1.5.3. Definition. Let A be an object of J^Ko{S). By a cyclic submodule 
structure on A of level Ne, we mean an O e / N E-snhvciodxAe C of ^[A'^;]^ such 
that locally there is an element x € ^[A^^;] with the following properties: 

1. The element x is a Drinfeld base for C. This means that as cycles one 
has: 

[C]= J2 M- 

aeOs/NE 



2. If p is a prime of F over which B is not split, then x is also a Drinfeld 
base for Os/iV-module ^[A"]^. 
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Notice that the second condition here is equivalent to the fact that x is 
not divisible by uniformizers of B in ^[-/V]. 

Proposition 1.5.4. The functor Tk' is equivalent to the functor which 
sends an F' -scheme S to the set of objects [A,C], where A is an object in 
JT^/ {S) , and where C is a cyclic submodule structure of level Ne' on A. 

Before the proof of this proposition, we need the following crucial lemma. 
Let E' = E ® F' . Then every prime factor pE of Oe can be lifted to a prime 
pE' which is the preimage oi pE via the map 

Oe' Oe,pe^ ^ -l^p- 
Let Ne' be the lifting of Ne to the ideal vhOe'- Now we have the formulas 

nf> = j{p'';>^^\ 

Lemma 1.5.5. The following identities hold in B: 

O^-O^^ = {geB"" ■f''< :dB'g = dB'}, 

R"" = [ged^:N^^g = Np^ (mod Ob)} , 

i?^-a^, = [ged^-d^,:N-}g = N-} (mod 0^0 } • 

Proof. 1.5.6. First identity. We need only prove the inclusion "d" for 
each place p. Let a G B^ and b G F^ such that c = ab e O^, ^. 

If is a field unramified over Fp, then b = db' with d e F^ and b' G Op, ^. 
So we may write c = a'b' with 

a' = ad = cb'-' eBpnO^,^^ = 0^^^. 

If F^ is split, then we have a decomposition 

Write b= (6i, 62) with respect to these decompositions. Then ab\ and 062 are 
both in ^. It follows that bib^^ G O^^. So we may write c = a'b' with 

6' = (6162 \ 1) G and a' = a6i G O^^^. 

Finally let us assume that is a ramified quadratic extension of Fp. 
Let tt' be a uniformizer for F'^. By replacing b with a multiple of elements in 
Fp ■ Op,, we may assume that b is either 1 or vr'. In the first case, a must be a 
unit and wc are done. Now we assume that b = ir' . Since p is ramified in F' , 
p must be split in B. By writing a as a 2 by 2 matrix over Fp, we see that the 
integrality of air' implies that of a. But this implies that c = air' cannot be a 
unit. 
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1.5.7. Second identity. This identity follows from the definition because 

Ne^9 = Ne' {mod Ob) ^ NE^g = NE'' + OB 

^ gedE + NEdB = R. 

1.5.8. Third identity. For this, we need only show the following: 

(1.5.1) d^n{dE' + NE'dB') c i^^ 

since by similar reasoning to that above, 

N^}g = N^} (mod Ob') ^ Q ^ Oe' + Ne'Ob' ■ 

We need only check (1.5.1) for each place p of F. This is clear if p does not 
divide N. But if p divides then it is split in F' and we have decompositions: 

Ne',p = Oe,p e Ne,p. 

It follows that 

Oe>,p + Ne'Ob',p = Ob,p e Rp. 
Thus (1.5.1) is proved. □ 

1.5.9. Proof of Proposition 1.5.4. Let S be an F'-scheme, and [A,R,] an 
element of J^k'{S) with A G J-^k'^^{S) and R a class modulo K' isomorphisms 
K -.Vi^ T{A). This K will induce an isomorphism k,:V ^ ^(^) and a map 

k:V^ V{A)/f{A) = Ator- 

Thus, we have an Ogz-submodule := k{N^} /Oe') of ^[A^'g/]. By the above 
lemma, does not depend on the choice of k in the class k. 

Since N-}/Oe' is a free module of rank 1 over Ofi/Nf' and generates 
Obi /Np'-modvile NJvOb'/Ob', it follows that is generated by a Drinfeld 
base X of the order Npi . 

Conversely, for any O^'-submodule C of yl[A^£;'] which is generated by a 
Drinfeld base of order Npi , and any level structure kq for the compact subgroup 
K'q, we have a unique level structure k so that kq = k (mod Kq) and C = C^- 

In a similar manner, we have the following: 

Proposition 1.5.10. Let p he a prime of F of characteristic p. Assume 
that J is maximal at places over p. Then the functor J-K',p is equivalent to 
the functor which sends the W-scheme S to the set of isomorphism classes of 
objects [A,C] where A is an object in ^K'^,p{S) and C is a cyclic submodule 
structure on A of order Np' ■ 
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2. Heegner points 

In this section we study Hccgncr points. We start in Section 2.1 with the 
general definition of CM-points and Heegner points as complex points, and 
their modular interpretations. Then we move to the study of their reductions 
which are so-called distinguished points, first the structure of formal group in 
Section 2.2 and then the structure of endomorphism rings in Section 2.3 using 
Honda- Tate theory. Finally in Section 2.4, we study the lifting of distinguished 
points by Serre-Tate theory and Gross's theory. In this section we assume that 
every prime factor of 2 is split in E. 

2.1. CM-points. 

2.1.1. Definitions and general properties. Our primary object of study in 
this paper is the class of Heegner points on the curve X defined in 1.5.1 by the 
noncompact group F^R^. Prom the modular point of view, it is more natural 
to study Heegner points on the Shimura curve Y defined by the compact group 

Y = B'^Xn^ X B^'/R''. 

The curve X is then a quotient of Y by the action of . As in the introduction, 
we fix a splitting 

B(S)r^ = M2(M) 

such that p{E) (g) M is sent to the subalgebra of M2 (M) of elements 
We then extend t : F ^ R to t : E ^ C such that 

t(x) = a + bi <^=^ p(x) = 1 ^, 

\ —b a 

We say a point z in F is a CM-point [by E), if z is represented by an 
element of x B^ of the form {y/—l,g). 

For a CM-point z, let (pz denote the morphism 

g-'pg -.E^B. 

Then up to conjugation by R^ , 4>z does not depend on the choice of g. The 
order End(z) := (j)~^{R) in E, which does not depend on the choice of g, is 
called the endomorphism ring of z. The ideal c oi Op, such that 

End(z) = Oc := Op + cOp, 

is called the conductor of z. 

For a place p prime to c, the homomorphism (f)z defines an orientation in 

U^ = Rom{OE,^,R^)/R;. 
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This set has only one element if p does not divide N; otherwise it has two 
elements: the image of p which we called the positive orientation, and the 
image of p which we called the negative orientation. Wc say two CM-points 
have the same orientation, if they define the same elements in Up for p\N. If 
we write 

Oe,p = Of,p + OF,pe 
with G F, then two embeddings 

define the same element in Up if and only if 

(2.1.1) (0^(e)-02(e))2 = O (modiV). 

Indeed, write Rp = Oe,p + tOE,p with t G Rp such that det(t) generates Np. 
Then if ei and 62 have the same orientation, it follows that 61 — 62 G tRp. This 
implies that 

(61 — 62)^ = — det(6i — 62) = (mod Np). 

If 61 and 62 do not have the same orientation, then 61 — 62 = 2eimodtRp. 
Thus 

(61 - 62)' = Ael^O (mod Np). 

The curve Y admits an action by the group 

n; = {6G5^ ■.h-^R''h = R^}/R''. 

This group has 2* elements, where s is the number of prime factors of N . The 
action of W on CM-points does not change the conductors, and the induced 
action on IlpiJV ^^^^^ transitive. 

Let Yc denote the subscheme of the positively oriented CM-points of the 
conductor c. Then Yc is defined over E and every point in Yc{E) = Yc{C) is 
defined over the ring class field of O^. Indeed, if ("v/— T, g) is a CM-point 
of Y with positive orientation and conductor c, then Y,. is identified with the 
set of points represented by (V— 1, g). The correspondence which sends x 
to the class of {^/^,xg), therefore, defines a bijection 

The Galois action of Gal{Hc/ E) on Yc is given by the inverse of the map, 

Gal{Hc/E) ~ E''\E''/d^, 

via class field theory. 
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A CM-point z by i? is called a Heegner point if its conductor is the trivial 
ideal Op. Obviously, the point (a/— T, 1) is a Heegner point. In this paper 
we only consider CM-points with conductors prime to NDe and with positive 
orientation, where De is the relative discriminant ideal in Op for the extension 
E/F. 

Notice that the property of a point to be a CM-point of conductor c is 
invariant under the action by F^. Thus, all the above discussion is valid for 
X or any Shimura curves between X and Y. 

2.1.2. Modular interpretation. We fix F' as in Section 1.5. In the following 
we want to give a modular interpretation of Heegner points over E' = F' ■ E. 
We let Y' denote the Shimura curve Mx' with 

Then Y has a finite morphism to Y'. 

Let denote the functor J^k' and let J^o denote J^^l^ where 

Then every point x in Y(C) represents an object [A, C], where A stands for an 
object [A, PA, Oa, ka] of J^o{C) and C is a cyclic C'£;-submodule structure of A 
of level A''^;. We need some notation to state our result: 

• For [A,C] mJ^{S), 

— let EndjFo(^) denote the Oir'-subalgebra of End^^, (^4) generated 
by elements (p : A ^ A such that 00* G F^ , where —> 0* is a 
Rosati involution induced by a polarization in 9a- 

— let EndjF(^, C) denote the subalgebra of Endj^^^A) of elements (p 
such that 0(C) C C. 

• Let t' : E' ^ E' he a map defined by 

t'{a + by/X) = tiE/qia) + a - a + (tiE/qib) - b - bj VX 
for any a,b & E. 

Proposition 2.1.3. Let x be a point on Y{C), and let [A,,C] be an 
object represented by x. Then the point x is a CM-point by E if and only if 
Endjro(^) Q — E' . Moreover, if x is a CM-point by E, then: 

1. There is a unique isomorphism 

a-.E'c:^ EndjFo(^) (8)Q 
over F' such that for any a E E' , 

tr(Q!(a) : Lie^) = 2s (a). 
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2. With a as above, 

End(x) = {aeE: a{a) G End^(^, C)}. 

Proof. Let x be represented by (-2,7). With notation as in the proof of 
Proposition 1.1.5, the endomorphism ring End:FQ(^) can be identified with the 
subring of B generated by elements b e ■ such that 

1. Vjb C Ky, or equivalently, b G 70^/7^^; 

2- bjz = jzb, or equivalently, t(6) G ap{E)a~^ <Sit^, where a G GL2(M) such 
that a{\/—l) = z. 

It follows that EndjFp (Ax) Q is an F'-subalgebra of B' generated by elements 
b £ B^ satisfying the second condition. 

2.1.4. Equivalence. If Endjrp(A) (g) Q ~ E', then there is an embedding 
j3 : E B over F such that in B', 

As all embeddings of E into B are conjugate, it follows that /? = bpb~^ where 
b & B^ is uniquely determined by /3 modulo p{E)^ . Now condition 2 implies 
that in B (g)^ R, 

bp{E)b-^ (g)^ R = ap(£;)a~^ (g)^ R. 

It follows that b = ak with some k G ^(i?) ig>T I^- As a{\/^) = z, k{\^^) = 
^/^, one must have z = Thus x can be represented by 

r'(^,7) = (v^,rS)- 

So x is a CM-point. 

Conversely, if x is a CM-point and is represented by {^/^,g), then in the 
above description of End:Fo(^), we may take a = 1 in condition 2. Now, 

End^o(A)(gQ = p(E)(gF'. 

This is isomorphic to E' by the following map: 

a:E' = E(g)F'^ Endjro(A) ® Q, 

a{x (g y) = p{x) (g y. 

2.1.5. First property. It remains to show that a satisfies both properties 
in the proposition, lia £ E then a acts on via right multiplication by p{a) . 
Write p{a) = (ai, • • • , Og) with respect to the decomposition 

S(gR = M2(R)e (M)»~^ 



58 



SHOUWU ZHANG 



Then by the definition of complex structure in Section 1.1 on 

= M2(M) c e (H ® cy~\ 

one has 

tr(o + bV\) = 4a + 2 ^ (trH/BR(ai) + trH/B^(6j) Va) = 2t'{a). 

i>2 

The only other isomorphism between Endj^g (A) (g) Q and E' is a defined by 

a{x 0y) = a{x y) 
which docs not satisfies property 1 as t'{a) ^ t'{a) for a & E — F . 

2.1.6. Second property. Finally we want to prove the second property in 
the proposition. By the proof of Proposition 1.1.5 and 1.5.4, C is isomorphic 
to N^}^^^ modulo V-y = Ob'J~^- It follows that 

{a e E, a{a) G End^(^, C)} 

p{a) e-/dBn~', 1 

NE^-'pia) C TV-^-i (mod Ob'J-') J 

= {aeE, -f'^p{a)j G Oe' + Ne'Ob' } • 
Similarly, as in 1.5.9, it is easy to see that 

B n (Oe' + Ne'Ob') = R. 

Thus we have 

{a EE, p(a) G Endjr(A,C)} = {aeE, p{a) e jRj~^} 

= End(2;). □ 




Proposition 2.1.7. Let x and y be two CM-points with conductors 

prime to N, and representing the objects [A,C] and [A',C']. Then x and y 
have the same orientation if and only if there is an {l{Ob') "X" a[0 e)) -linear 
symplectic similitude from T(yl)jv to T{A')n which takes C to C. Here for an 
OF-module M, Mn = M ® ®£\N^e- 

Proof. We may assume that x is represented by (\/— T, 1) and prove only 
the local statement for each p dividing A^. Let y be represented by (\/^, 7). 
Then we have isomorphisms of l{Ob') <X) Q;(0£,p)-modules 

T^{A)c^Ob',^ and T^{A') Ob',^!-^ 

where l{Ob') acts by left multiplication and a{OE) acts by right multiplication 
of p{Oe), and isomorphisms of Q;(OB/)-submodules 

Cp-^fi'p (modOB.,p) and C'^ N'h'^ {mod Ob',^!-^). 
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As any S^-linear endomorphism of B'^ is given by right multiplication by 
an element of B'^, the "if part of the proposition is, therefore, equivalent to 
the existence of a e B'^ such that the following conditions are verified: 

1. j-^a e 05,^; 

2. a commutes with p{E); 

3. aeB-.Fl-; 

4. NE'jp^a C Ne' (mod Ob',p). 

By the first identity of Lemma 1.5.5, conditions 1 and 3 here are equivalent 
to the fact that a has the form 7"^ a = be where 6 G OS ^ and c G Op, ^. 
Replacing a by ac~^, we may assume that c = 1 and then a G Bp. 

Now condition 2 is equivalent to a G p{E), and condition 4 is equivalent 
to 7p^o G Rp by a similar argument to 1.5.8. It follows that the "if part of 
the proposition is equivalent to 7^ G p{E)^ ■ R^, or equivalently to the fact 
that the map 

7p V7p -Ep^Bp 

has positive orientation. □ 

2.2. Formal groups. Let g be a finite place of E and let -E^"" be the 
completion of the maximal unramificd extension of Eq with ring of integers 
O™, and residue field k. Let y be a CM-point of Y with conductor c prime 
to NDe and q. Then y is defined over E^^. Let y denote the Zariski closure 
of y in 3^ Oq'', where y is the integral model of Y over Op constructed in 
Section 1.2. We want to study the reduction of y in ■.= y 

Let p denote the characteristic of k and let p denote the prime oi Op 
under q. As usual, we will choose an auxiliary negative integer A as in Sec- 
tion 1.1 and work on F' = F{-\/X). We assume that = 1 and choose a 

square root /ip of A in Qp. Then there is the usual decomposition M = M^^M"^ 
for Fp modules M. Let i denote the embedding 

i:E' = E{\f\) ^ E"^ 

which takes \/A to pp. 

Let [A, C\ be the abelian variety represented by y. Then the action of 
End(y) ^ Opi on A = A® E^^ extends to an action on A. Let Q denote the 
divisible Oez-module A[p°^]'^. 

Proposition 2.2.1. The aetion ofOp on the O'^"^^- module Lie{Q) induced 
by the action a on A is given by the canonical embedding Oe ^ O^. 
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Proof. We want to prove the proposition by computing the trace of the 
action of a{OE')- Recall that the action a : E' ^ End(A) (g) Q induces an 
action of E'^ = E' ® Qp on Lie(^), therefore an action of E'^ = E' ® on 
Lie(^[p°°]). This last module has a projection 

Ue{A[p^]) ^ Lie(g), ^^\ ^ -/Xp. 

We denote all of these actions by a. By Proposition 2.1.3, the action a of E' 
on Lie(yl) has the trace map io2t' : E' ^ E^^. It is easy to sec that the action 
a of E'^ on Lie(A[p]°°) wih have the trace 2*^, where t'^ : E'^ ^ E'^ has the 
same formula as t' but with tr^/Q replaced by tr^^^/Q. The trace 2t" of E on 
Lie(^) is given by composing 2t' with the embedding 



and the projection 



^ ^ 2 ~ 27*7 



E'^ E^\ a + h\f\ ^ a + 

So for X e E, 



,, { x\ X X ( ( X \ X X \ 

= X. 

Now, the action a of on Lie(^) has the trace 2x. Thus Lie(^) is a two 
dimensional space of E^ and the action a of -E is given by the usual scalar 
multiplication of E C E^^. □ 

2.2.2. The structure of Q. Let C be the component of C in Q. In the 
following we want to identify the structure of [Q,C\ as an Ob,p — C_E,p-module. 
First of all let us construct a special object [^°,C°]. 
Let S denote the following O^-module: 

if p is not split in E, 
if p is split in E. 

Here for any positive integer h, let S/j denote a formal Op-module of height h 
over O^^ which is special in the sense that the induced action on the tangent 
space is given by scalar multiplication, which exists uniquely up to isomor- 
phism. Let 

Oe,p X S — > S, (a, x) —> ax 

be a faithful Op-linear action such that the induced action of Oe,p on Lie(S) 
is given by the reduction Oe,p Oq ^ k. 

Let us define a special Ob,p — 0£;,p-module [^°,C°] such that 

1. go = ses; 
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2. The action of Oe,p is given by the multiphcation: 

a^{x){u,v) = {xu,xv); 

3. C° = T,[Ne] e as Oe, p-raodules; 

4. The action of Ob,p is given as follows: 

(a) If p is ramified in E we fix an isomorphism Ob,p — M.2(Op). Define 
the action t° : Ob,p Endo^iQ^) by matrix multiplications. 

(b) If p is not ramified in E, then Ob,p is generated by Oe,p and 
an element w such that wx = xw and such that vr := w"^ is a 
uniformizer of Op if p is ramified in B, and 1 if p is split in B. 
Then we define the action of Ob,p on by the following formula: 

L^{x)(u,v) = {XU,XV), L^{zu){u,v) = {'KV,u). 

Proposition 2.2.3. The object [Q,C] is isomorphic to [Q^,C]. In other 
words, there is an isomorphism (j) : Q ^ such that 

1. (f) is OE,p-linear with respect to the actions a, 

2. (f) is OB,p-linear with respect to the actions l, , 

3. 0(C) = C°. 

Proof. 

2.2.4. Case 1: p is ramified in E. In this case C = C*^ = 0. Define 





Then Q is isomorphic to © ^2 and ^ ^ ^ ^ ^ / / ^^^^^'^^^ factors. Since 
the QiS are stable under the action of Oq, they are isomorphic to E2. 

2.2.5. Case 2: p is not ramified in E. Let Qi (rcsp. Q2) be the max- 
imal Q;(C'£;^p)-submodule over which i{x) = a{x) (rcsp. /-(x) = a{x)) for 
any x G Oe,p'-i then the ^j's are Og^p-modules (via a) of height 1 and Q = 
Qi + G2- The action of i.(-n7) gives two O^.p-linear morphisms u : Q\ ^ Q2 and 
V : Q2 ^ Gi such that uv = vu = vr. The object i, a] is completely deter- 
mined by [Qi,Q2,u,v]. As up to isomorphism there is only one special formal 
Og^p-module of height 1, so Qi is isomorphic to S and one of u and v is an 
isomorphism. In other words, up to isomorphism, [Qi,G2,u, v] is isomorphic to 
[S,S,l,7r] or [S,S,7r,l]. 
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By Proposition 2.1.7, the generic fiber of the (O^^p, 0£;^p)-module iG,C) 
is isomorphic to that corresponding to (-s/— T, 1); that is, 

{g,C)E^^ ^ {B^/Ob,p,N^^OeJOe,p) 

with the action t by multiplication from the left and the action of a by multi- 
phcation from the right. It follows that [01,02, u, v] is isomorphic to [S, S, 1, tt] 
and C is isomorphic to S[iVE] 0. □ 

2.3. Endomorphisms. Now we assume that y is a Heegner point. We want 

to study Endjr(Afc, Cfc), where is the reduction of A over Spec(/c). Let F 
be a finite subfield of k over which [Ak, Ck] and a are defined. In other words, 
[Aj^, Ck] is the base change of some object [A^, Cp] with an action oi Oe- Let 
(T be the Probenius over F which acts on A-g. By the Honda-Tate theorem and 
the Tate theorem ([37] and [42]), End(A]F) is a semisimple algebra with center 
Q((7), and for any prime I, 

End(AF)£ ~ End(^F[^°°]) ^ End^(^fe[^°°]) 

where End'^(-) means the commutator of a in End(-). It follows that 
Endjr(y4F, Cp) is also a semisimple algebra with center containing Oe'{(j)^ 
such that for any place / of F' , 

End^(^F,CF)^' ^ End^(AF[/°^],CF[/= 

End^(^fe[/-],Cfe[/-]). 

Here two Endjr's on the right are defined in the same way as in 2.1.1. 
Fix -linear isomorphisms from the level structure of [^FjC'f]: 



(2.3.1) 



4: [0^C^]^[0,CI 



■■ [VI {N^}/OE'y]^ [fiA)P, CP]. 



Then we obtain isomorphisms: 
(2.3.2) 



End:F(^F, Cf)^' 



EndS^(gO,CO) iff |p, 

EndS^ (V^:^, [n^^/Oe'Y^''^^^ if ^ I p and p 
End| (Vi, (n^^/Oe'Y)^, otherwise. 



where a denotes the endomorphism induced from a through the isomorphism 
At's. It follows that Endo^, (Af, Cf) is the commutator of cr in a quaternion 
algebra over Of'- 

Proposition 2.3.1. If p is split over E, then 

End^{Ak,Ck) = OE'. 
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Proof. From the definition of ^' 



one sees tliat 



It follows that for i'\p, EndjF(ylfc) Cfc)^ can only be an algebra over Op of degree 
at most 2. Thus Eiidj^{Ak,Ck) is an algebra over Op oi degree at most 2. 

Obviously, the right side is isomorphic to End:F(A, (7); therefore, it is 
included in the left-hand side. As Oe' is a maximal order, we must have an 



Proposition 2.3.2. Assume that p is not split in E. Let B{p) be the 
quaternion algebra obtained by changing invariants at r and p. Then there is 
an order R{p) of B{p) of type {N{p),E) such that 



where N{p) = iVpi-2°'-d.(^B). 

Proof. We need only prove this identity locally at each place £' of F' using 
(2.3.2). In this case, one can show that for F sufficiently large, a E F' . (See 
[4, §§11.4.4, 11.4.5] for a proof.) 

It is easy to check that if £' does not divide p then End:F(^, C)i' is iso- 
morphic to R^Opi/'- It remains to show that Endo^(^°,C°) is isomorphic to 
R{p)p. Notice that has only the geometric point 0, thus does not play any 
role in the computation. 

Let D denote Endo^ (S) which is the maximal order of a quaternion divi- 
sion algebra over Fp. The action of Oe,p defines an embedding of Oe,p into D. 
By a direct computation, we have the following description of Endo^ p{Q^ iC^)'- 



equality. 



□ 



End^(Afc,Cfe)~i?(p)®C>F., 



Endo^(g°) = Endo^(S © S) = M2{D) : 



1. If p is ramified in then 




2. If p is ramified in B, then 




where w is an element in D such that w 
for X G En- 



.2 _ 



p and such that wx = xw 



3. If p is unramified in both B and then 




□ 
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2.3.3. Some remarks and definitions. Let yj- be point in y{k). We call 
a distinguished point in Y{k) if it is the reduction of Heegner points in Y{E^^). 
We can define a similar concept for any curve between Y and X. 

Assume that yk is a CM-point representing (^fe)C'fe)- If P is split in E 

then 

End^(Afc,Cfc)~OB'. 

We write End(yfc) or End'^(^fc,Cfc) for the unique subring of EndjF(>lfc, C^) 
corresponding to (the superscript a stands for the "admissible endomor- 
phisms"). 

If p is not split in E then 

¥.ndr{Ak,Ck) ^ R{p) ® Of' 

with i?(p) an order of B{p) of type {N^,E). One may fix the isomorphism 
so that the involution End^Q(^fc)Q induced by the polarization corresponds to 
the product of the involutions on B(p) and F' respectively. In this way the 
image of R{p) does not depend on the choice of the isomorphism. Denote this 
image by End(yfe) or End^(^fc,Cfc). Notice that two orders in B{p) of type 
{N(p),E) are isomorphic if and only if they are conjugate under B{p)^ . 

For a fixed point z of type {Np,E) with End(2;) = R{p), the reduction 
thus defines a map from the set of CM-points reducing to z, with conductor c 
prime to Np, to the set 

n R{p)^\lloTa{OE,v,R{p)v) 

v\Np 

of orientations. This set has 2^^^^ elements, where s{p) is the number of prime 
factors of Np which do not divide De- Two CM-points x and y reducing to 
z have the same orientation with respect to R if and only if they have the 
same orientation with respect to R{p). We call the orientation defined by the 
reduction of the point 1) the positive orientation. 

Proposition 2.3.4. Assume that p is not split in E. Then the map 
X End(x) gives a bijection between the set of distinguished points in X(k) 
and the set of conjugacy classes of orders of B{p) of type {Np,E). 

Proof. The set of distinguished points on X{k) is the set of -orbits of 
distinguished points on y{k) or any curves between X and Y. 

Notice that the set of Heegner points in ^(C) is represented by (\/— T, E). 
Thus the corresponding objects are 

where 7 G E^ . Let y-y be the point in Y'{C) representing the object [A^, Cy]. 
Then y^ depends only on the class of 7 in E^\E^ /O^. Thus we may only 



[Aj, Cj] — 
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consider with 7 integral and having components 1 at places over Np. Then 
we have isogenies 0-y from [yli,Ci] to [yl-y,C-y] given by right multiplication of 
7~"^ on T^. Let y-y^k be the reduction of y^ and let denote the reduction 
of Then we can choose isomorphisms in (2.3.1) such that for places not 
dividing p they are induced by multiplication of 7""^, and that at place p, (p^^k 
induces the identity on 

Using the Honda- Tate theorem, we show easily that 

(t>-l o End(yfe) o 0^^^ = 7^(p)7-^ n B{p) 

where -R(p) (resp. -B(p)) denotes End(yi_fc) (resp. End(yi^fc) ^ Q), and we 
identify both sides as subrings in 

As every order of -B(p) of type {Np,E) is conjugate to one of 7i?(p)7~^, the 
map in the proposition is surjective. 

Let y-y^ and y^^ be two Heegner points. By (2.3.1), it is easy to see that 
the injective map 

Isomjr ([^7i,fe, C7i,it], [^72,fe, C^2,k]) EndjFo(^i,fe) Q, 
has the image consisting of elements b such that 

[VI (n-^/Oe'YI iT'b = [VI [N-r/OE)"] ■ ih. 
This is equivalent to 

Thus j/7i,fc and y^j,*; same orbit under if and only if 

This in turn is equivalent to the fact that End(yi^fe) and End(y-y2,fe) are conju- 
gate in B{p). □ 

2.4. Liftings of distinguished points. 

2.4.1. A deformation problem. Let yk be a point of Y{k) which represents 
an object [A^, Cfc] of J-{k). Let Qk denote yl[p°^]^ and let Ck denote the com- 
ponent of C in Qk. Let ak ■ E ^ EndjFo(^) <^ Q be a homomorphism with 
order 

Oc:={xeE: a{x) G End^([Afc, Cfc])}. 

Assume: 
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1. The order Oc has conductor prime to Np, and the restriction of on 
this order has the positive orientation. 

2. The action of Oc on hie{G) is given by the map 

i ■ Oak Oa^/q k. 

3. The object [Qk,Ck] is isomorphic to the reduction of with respect 
to both the actions of l{Ob) and ak{Oc)- 

Let us consider the deformation functor J^a over O^^'-algebra with residue 
field k whicli sends an algebra W to the set of isomorphism classes of ob- 
jects [A, C, a]. Here [A,C] is an object in T{W), and a : Oc ^ End^[A, C] is 
a homomorphism such that the following conditions are satisfied: 

• The reduction of [A, C, a] at k is isomorphic to [Ak,Ck,ak]- 

• The Rosati involution induced by 9a takes a{x) to a{x) for any x G Oc- 

• The action of a{Oc) on Lie(^)p is given by the composition: 

Oc ^ O^' ^ Os. 

Proposition 2.4.2. The functor Ta is representable by O^ . 

Proof. The deformation space of [Ak^Ck^a^] is the same as that of 
Cfc, Ofc]. This is isomorphic to [^fc,C^,Q;^] by Proposition 2.2.3. Notice 
that = 0. Now the conclusion of Proposition 2.4.2 follows from the fact 
that the formal ^^^-module S has universal deformation space E^^ . □ 

Corollary 2.4.3. Let yk be a point ofY{k) which represents an object 
[^fejCfe] of J^{k). Then y^ is a distinguished point if and only if there is a 
homomorphism 

ak:OE^End:fi[A,C]) 
such that the above conditions 1-3 are satisfied. 

2.4.4. Canonical liftings. The universal object over O^^ is called the 
canonical lifting of [Ak,Ck,ak]. In this way, if p is not split in E then for 
a fixed distinguished point yk € Y{k), the set of positively oriented CM-points 
with conductor c prime to Np, which reduce to yk modulo p, is bijective to 
the set of positively oriented homomorphisms E B(p) with conductor c. 

If p is split over F, then a is an isomorphism, and the canonical lifting of 
yk is a Heegner point y (of characteristic 0). 
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Proposition 2.4.5. Assume p is not split in E and ordp(iV) < 1. Let 
y^n = [Am,Cm] be the deformation of = [Ak,Ck] to Og^/q"^ with respect 
to afe. Then End{ym) has the same localization as End(?/fe) at places different 
from p, and 

End(y„)p = Oe,p + g'"-^End(yfe)p. 

In other words, End(?/^) is the unique sub-order of End(yfe) of discriminant 
pfemjY where 




m if p is ramified in E 

2m — 1 if p is unramified in E. 



Moreover the action on the formal module Qm = ^m[p°°]^ is given by the 
following composition of canonical homomorphisms: 

Oe,p + «"*-^End(yfe)p ^ OEjq"" ^ O^'/q"'. 

Proof. By a fundamental theorem of Serre and Tate [7], one can show that 

End(y^) = End(yfe) n End([6;„,C^]) 

where Cm is the component of Cm in Qm- It follows that End(y^) has the same 
localization as End(yfc) at places different from p, and 

End(y„)p = End([g^,C„]) ~ End([a^,0) 

where is the restriction of on O™ jcf"". We want to use the 

description in the proof of Proposition 2.3.2 and Gross' result [15] to describe 
End([g^,C^]). 

As in the proof of Proposition 2.3.2, let D denote Endc)p(Sfc) and let Dm 
denote the suborder Endop(S2,m)- Then by Gross' result [15, Prop. 3.3], 

Now in 

Endo,(g^) = Endo^(SfceSfc) = M2p), 
Endo^([g^,C^]) = EndOp([e0,C0])nM2(i?„). 

Using the description in the proof of Proposition 2.3.2, we have the fol- 
lowing: 

1. If p is ramified in E, then C = and 



Endo,.^(C)=A 
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2. If p is ramified in B, then 

where w is an element in D such that tu^ = p and such that vox = xw 
for X G E^. 

3. If p is unramified in both B and -B, then 



□ 



2.4.6. Quasi- canonical liftings. We need also to consider the quasi-canon- 
ical lifting. Let y be a Heegner point representing [A, C] in T{E^'^). Let D 
be an admissible submodule of A of order m = {n ^ ^) prime to N and 
let [AdjCd] be the quotient constructed in Proposition 1.4.4. Assume that 
D is connected (this is automatically satisfied if p is not split in E). Then 
[^£),Ci:)] is an object of J^{W) where W is a finite extension of . Then 
C] and [^£),C£)] have the same reduction modulo q. Notice that [^£),Cd] 
is not a canonical lifting of the reduction of [^1^,(7^]. We call [^£),Cd] a 
quasi- canonical lifting of [^1^,(7^]. 

Proposition 2.4.7. The objects [A,C] and [Ad, Co] are not isomorphic 
modulo q^. 

Proof. By the Honda- Tate theorem wc need only check whether or not the 
associated divisible groups are isomorphic. It suffices to consider the groups 
^[p°°]^ and Ad[p°°]^- Then the conclusion follows from our precise description 
for A[p°°]^ and corresponding results of Gross ([15, Prop. 5.3]) on formal groups 
of dimension 1. □ 



3. Modular forms and L-functions 

In this section we will collect various facts about Hilbert modular forms 
and associated L-functions. In Section 3.1, we will recall definitions of modular 
forms and Atkin-Lehner's theory on newforms. In Sections 3.2 and 3.3, we will 
give a newform theory for X using Jacquet-Langlands correspondence and 
some work of Waldspurgcr. In Section 3.4, wc will first recall Hcckc's theory 
of L-functions and then prove Theorem B in the introduction. In Section 3.5, 
we will study some standard Eisenstein series and theta series attached to 
quadratic characters. 
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3.1. Modular forms. 

3.1.1. Some definitions. Let k be a positive integer, an ideal of Op, 
and oj = Y{uJv a. finite character of Ap/F'^' with conductor dividing N such 
that ujy{-l) = (-1)'= for ■uloo. We want to define the space of modular forms 
of (parallel) weight k and level N. See [2], [10] for general background and 
references. 

Let Kq (N) denote the following subgroup of GL2 (F) : 

Ko{N) = I ( c d ) ^ GL2(F) : c = (mod iV)| . 

Let denote the compact subgroup Htjioo GL2{Fy) of matrices of the form 

r{e) = (r(e„), v\oo) e GL2(F R) 
where for 9 = {9y, v\oo) G M^, 

/ cos27r0„ sin27r0t, \ 



sin 2ir6y cos 27r^^ 



Let Z denote the center of GL2. Extend a; to a character on Z{Kf)Kq{N)K°° 
by the formula 

Ail n -.(a„).ne--^^. 

Now by a modular form over F of weight k, level N , character u we mean 
a function cf) on GL2(Ai;') satisfying the following conditions: 



1- (t>{ig) = 4>{9) for 7 in GL2( 

2. ^{gk) = 4>{g)u{k) for k in Z{Kf)Ko{N)K^- 

3. (f) is slowly increasing: for every c > 0, and any compact subset O of 
GL2(Af), there are a constant C and N such that 

for all 5 G ri, and a G with \a\ > c. 
Let ■i/' be a character on F\Af defined by 

V'(x) = exp[27ri(tr^/Q(a;oo) - tr^/Q(x/)]. 
Then every character on F\Af has the form 

X — > 'ip{ax) 

with some a e F. 
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Let dx be a Haar measure on Ap which is a product of local Haar measures 
dxy such that if v is archimedean, dxy is the usual Haar measure on M, and 
that if V is nonarchimedean, the volume of C„ is 1. In this way, the volume of 
Ap/F is dp where dp denotes N[Dp). 

For a modular form cp as above, let W(f){g) denote the corresponding Whit- 
taker function on GL2(A): 



where W(j){g) satisfies the same condition 2 above as cp, and in addition the 
following property: 



(3.1.1) 




(3.1.2) 




Now (f) has the following Fourier expansion 



(3.1.3) 




where 



(3.1.4) 




We say a form (p is cuspidal, if for almost every g, 



CM = 0- 



Thus cuspidal forms arc determined by their Whittaker functions. 



Notice that any double coset in 



Z{Af)GU{F)\GU{^f)/Ko{N)K, 



can be represented by an element of the form ^ ' with y & A 

\0 I J 

and X & Ap. We say a form (p is holomorphic if 



■pj Voo > 0) 




is holomorphic in 



Xoo + iyoo G 



Proposition 3.1.2. Let cp be a holomorphic form. Then 




/ only if y^ > 0. 
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2. There is a function a on the set of fractional ideals which vanishes on 
nonintegral ideals, such that 

^^((o l)) = u;{y)\yf/MyfDFmiyoo), 

where for y G with y^o > 0, x G Kp, and Dp the inverse of the 
different ideal of F: 

Dp"^ = {x G F : ii{xOF) C Z}. 



Proof. From (3.1.2), one sees that 



y X 
1 



where c{y) is defined by 



^^((o i)) = ^{y)\y\'^'c{yMx). 

As <p is holomorphic in x^o + iyoo, it follows that c{y) / only if y^ > 0. 
Moreover if y^ > 0, then c{y) has the decomposition c(y) = c{yf)'^(iy^). 
For any a G Op^, /? G Op, since 

i)(o i))^'^*!!" 1 

one has 

c{ayf)tp{f3yf) = c{yf). 

It follows that c(y/) 7^ only if yfDp is integral, and that c(y/) only depends 
on the ideal yfDp. In other words, there is a function a{m) on the ideals m 
of Of which vanishes on nonintegral ideals and such that 

c{yf) = aiyfDp). □ 

3.1.3. Hecke operators. Now a holomorphic form is uniquely determined 
by a{m). We call a(m) the m-th coefficient of (f) and denote it as a^(m) when 
^ is referred. 
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Now let m be a nonzero ideal of Op. We want to define the Hecke operator 
T(m) on the space of cusp forms. Let H{rn) denote the following subset of 
GL2(F): 

Ji-(m) = ||^^ ^^GMaCOp): (d, iV) = 1, c G iV, (ad - 5c)6f = m| . 

We define T(m) by the formula: 

(T(m),^)(5) = NM'^/^-i / <t>{gh)dh 

JH{m) 

where dh is a Haar measure on GL2(-F) such that Kq{N) has volume 1. 

Proposition 3.1.4. The Fourier coefficients ofT{m)(j) are given by the 
following formula: 

aTM<^W = E N(a)'=-ia^(mVa2). 

a\m+£ 

Proof. Wc need only prove the corresponding statement for W^. The set 
H(m) is stable under right multiplication by Kq{N) and has disjoint decom- 
position: 



a,h,d \ / 



where (a, d) are representatives in the class 

such that ad generates m, and for fixed (a, d), 6 are representatives in Of/clOf- 

Now wc have 



a,6,(i V V / / 



For fixed a, d, if a(f,{ayfa/dDF) ^ then ayja/dDp is an integral ideal. In this 
case b ^(ayfb/d) is a character on Op/aOp. So the last sum over b is |a|~^ 
if this character is trivial; otherwise it is 0. Notice that this character is trivial 
if and only if ayfd''^DF is an integral ideal. In terms of Fourier coefficients, 
we obtain 

aT(m)<^(ay/-DF) = N(m)'=/2-^ E |o/d|'=/>r^a<^(ay/a/dL>F). 

a,d 
d\a.y^Dp 
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For any given nonzero ideal i of Op, we always can find a, y such that ayfDp 
= i. So the above formula gives 

«TM<^(^) = N(m)^'/2-i J2 \a/d\>'/^\a\-'a^{ia/d). 

a,d 
d\l 

Let a = dOp; then (a/d = mt/a?, and \a\~^ = ^{m/a) and \d\~'^ = N(a). The 
above formula, therefore, gives the proposition. □ 

Setting ^ = 1 in the formula, we obtain 

aT(m)0(l) = a^{m). 

Corollary 3.1.5. If (p is a nonzero eigenform for all T(m) then 0,^(1) / 

and 

a^{l)T{m)(f) = a^{m)(t). 

3.1.6. Newforms and multiplicity one. The Hecke operators are generated 
by T(p) with prime p and satisfy the formal identity 

E ^ = E(l - nP)p-T' n (1 - T(P)P-^ + m'-'T'- 

p\N pIN 

It follows that if two eigenforms (pi and (p2 have the same eigenvalues under 
all T(p), then 0i and 4>2 are proportional. This will not be true if we only 
consider Hcckc operators T{rn) with m prime to some given ideal m'. Let N' 
be a factor of A'", let d € GL2(-F) be such that 

d-^Ko{N)d C MN'), 

and let (f)' be a form for Ko{N'). Then the function (p'^{g) = (p'{gd) is a form 
for Ko{N). The subspace of Sk{Ko{N)) generated by these 0'^ with N' ^ N 
is called the space of old forms. 

We say a form (j) for Kq{N) is new, if it is perpendicular to the space of 
old forms. The space S'j^^'" {Ko{N)) of new forms is generated by newforms: 
eigenforms for T(m) {{m,N) = 1) whose first coefficients are 1. Then we 
have the strong multiplicity one theorem: 

Theorem 3.1.7. Let 4>i, (i = 1, 2), be two newforms of weight k of levels 
Ni,N2 respectively, such that a<^i(p) = (p) but finitely many p. Then 

Ni = N2 and (pi = ^2- 



Proof. See [2, Th. 1.4.4 and 3.3.6] and [5]. 



□ 
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In particular if (/> is a newform of level N then WN{(t>) — since WM{(t>) 
is also a newform and shares the same eigenvalues as cf), where 

with t a generator of N. 

One application of this is the rank of the Hecke algebra. Let T = 
Tk{Ko{N)) denote the subalgebra oiEndc{Sk{Ko{N)) generated by T(m) with 
{m,N) = 1. Then T acts faithfully on 

SN-eN'lNSr^^iMN)) 

and there is a nondegenerate bilinear form 

such that 

(^,T(m)) = aT(m)<;!.(l) = a4,{m). 

Now, we have: 

Corollary 3.1.8 
form 4> such that 

whenever {m,N) = 1. 

3.2. Newforms on X. As in the modular curve case, one may define the 
notion of modular form on the curve X defined in the introduction: 

X = B+\n X B^'/F^'R'' U {cusps}. 

Here we are only interested in forms of weight 2, which are functions / on 
H X such that f{z)dz gives a differential form on X. For m prime to N, 
we define the action by the Hecke operator T(m) by the following formula: 

T(m)a = Yl 7*"' 

where a € r{X,il^), and Gm and Gi arc defined as in Section 1.4. Let 
T' denote the subalgebra of End(r(X, il^)) generated by images of T(m) 
{{m,N) = 1). For every newform (p of level dividing A^, let be a char- 
acter of T defined by as in Corollary 3.1.8. 

The following theorem translates newforms for Kq{N) into newforms for : 

Theorem 3.2.1. 1. The algebra T' is a quotient algebra of the Hecke 
algebra T defined in 3.1.7. 




For any linear map a : T — > C, there is a unique 
o,(j,{m) = a(T(m)) 
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2. If f is a newform of weight 2 for Kq[N) with trivial character, then the 



Proof. Indeed, as in modular curve case, one can show that T' is diago- 
nalizable and every character a : T' ^ C of T' corresponds to an irreducible 
automorphic representation of (i? (g) A) ^ . By Jacquet-Langlands theory [24] , 
this representation corresponds to a cuspidal representation of GL2(Ai?). Thus 
there is a character /? : T ^ C such that a{T{m)) = /3(T(m)). So T' is a quo- 
tient of T. This proves the first part. 

For the second part, let vr be the cuspidal representation of GL2(Ai;') cor- 
responding to /. Then for each place p with ordp(A^) odd, the local component 
TTp of TT is special or supercuspidal. (Otherwise TVp is principal with trivial cen- 
tral character.) So tt^ = 'K{fj,, iJ.~^) and the conductor of TTp is the square of 
the conductor of /j,. This implies that ordp(A^) is even. (See [10, p. 73] for a 
discussion of conductors.) By Jacquet-Langlands' theory [24], vr corresponds 
to a unique admissible representation tt' of (A^). Let V' be the space of the 
representation of tt'. Then the proposition is equivalent to the following: The 
space of invariant vectors under has dimension 1. This is a local problem. 
In other words, we may check the above problem for each finite place p. Thus 
the proof is reduced to the following theorem. □ 

Theorem 3.2.2. Let F be a nonarchimedean local field, B a quaternion 
algebra over F, E an unramified quadratic extension of F embedded in B. 
Let Ob be a maximal order of B containing Oe- Let {i,V) be an admissible 
representation of B^ with trivial central characters. Assume that the conductor 
of t is 2n if B is split, and 2n + l if B is not split. Then the subspace of V of 
vectors invariant under the action by T = {Oe + p^Ob)^ is one dimensional, 
where p is a uniformizer of F. 

Proof. Case 1. E is split. The theorem in this case is a special case of 
a result of Casselman [5]. Indeed, in this case we may assume that Ob is 
the matrix algebra M2(Of) and Oe is the algebra of diagonal matrices. Let 



is not split and tt, > 0. 

Case 2. B is split, and i is a principal series with conductor p^". Then 
i = 7r(/Li, //~^) with // a quasicharacter of conductor p", and iJ,'^{x) 7^ 
Recall that 7r(//, //~^) acts by right translation on the space B(/x, iJ.~^) of locally 
constant functions / on GL2(-F) such that 



eigen subspace ofT{X,n 



) o/T with character af has dimension 1. 




= ro(p^"). In the following we assume that 



/ 
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The restriction on GL2(Of) gives an isomorphism from B{(i,ii ^) to the space 
of functions / on GL2{Of) such that 

The subspace of invariant vectors / for T are functions / on GL2(Of) such 
that 

for all I ^1 ^„ I in r. 
\d d ) 

Since the embedding of Oe into M2{Of) is unique up to conjugation, the 
assertion of the theorem does not depend on the choice of the embedding. Now 
write Oe = Of + Ope with g 0^\{0^ f. Define an action of M2(C'f) on 
Oe such that 

( c ^ ^ + y^) = (^^ + ^y) + (^^ + '^y)^- 

Then action of Oe on O^; given by multiplication induces an embedding a 
from Oe into M2(Of)- Let g G GL2(Of) = Auto^(0£). Let s = £ • ^"^(e)"^ 
and g' = g ■ a{s)~^. Then g-' will fix e, so it has the form 

The decomposition 

5 = P{a,x)a{s) 

of this form is obviously unique. The element is in F if and only if 

ord(a — 1) > n. 

Now it is easy to see that the space of functions invariant under T is the one 
dimensional space generated by 

(3.2.1) fo{Pia,x)a{s))=f,{a)-\ 



Case 3. B is split, and l is a special representation. Now l is the quotient 
representation of i3(/i| • |~^/^, //| • |^/^) with ij? = 1, modulo the one dimensional 
representation /xodet(g'). The restriction of this one dimensional representation 
on r has the form 



{H ■ det) {P{a,x)a{s)) = //(Ng/^s)). 
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Since i has a conductor of even order, so (i has a conductor of positive order. 
As N^j/pO^ = O^, this one-dimensional representation /x • det is nontrivial 
on r. It follows that the image of /o defined in (3.2.1) on the space of l gives 
a nonzero generator of the space of invariant vectors for T. 

Case 4. B is nonsplit or B is split but l is supercuspidal. The proof was 
shown to me by H. Jacquet and will be given in the next subsection. □ 

3.3. The supercuspidal case. We prove the theorem in the supersingular 
case in two steps. First we prove that V'~'e is one dimensional and then we 
show that this space is also invariant under F. 

Proposition 3.3.1. The subspace V^e of O^-invariants in V has di- 
mension 1. 



Proof. Let tt be a representation of GL2{Of) such that n = lH B is split, 

and vr is the Jacquet-Langlands correspondence of i if i? is nonsplit. Let m be 
the conductor of tt, so that m = 2n if is split and m = 2n + 1 if is not 
split. 

Since l has trivial central character and Oe/Of is unramified, invari- 
ants are simply invariants. According to Waldspurger, ([41, Th. 2]), F has 
a nonzero vector invariant under if and only if 



if B is split, and 



^1,2'"' 



£E 



if B is nonsplit, where eg is the quadratic character of attached to the 
extension E/F. Moreover by Proposition 1 in [41], the space of -invariants 

has dimension 1 if these conditions are verified. 
Now the proposition follows from the identity: 



5,,)=(-ireQ,7r) 



Let be a nontrivial character of F and let be a vector in the Whittaker 
model W{iT,ijj). As the L-function of tt is 1, one has the functional equation: 



r(s,7r,^) j 



W 




W 




where 



W{g) = W 




78 



SHOUWU ZHANG 



Now assume that W is the essential vector. This means that 
W 



a 
1 



1 if |a| = 1; 
otherwise. 



Then it follows that 



W 



a 
1 



Recall that 



where q is the cardinality of the residue field of F. Thus 



W 



implies \a\ = q"^. Consequently, 




W 



\a\=q" 



7^0 



a 
1 



Replacing tt by tt (g) eg and W{g) by W{g)£E{'^eig)-, we obtain the required 
equality, 



e[\,T^®eE\ =(-ire (^,vr 



□ 



Let V G F be a nonzero vector invariant under . Let be a square root 
of p in Ob- Then v is invariant under = 1 +w'^Ob for some sufficiently 
large r. 

Proposition 3.3.2. With the notation and assumption as in Proposition 
3.3.1, the smallest r such that v is invariant under is r = m if B is split, 
and r = m — 1 if B is not split. 

Proof. We will prove the case that B is not split. The case that B is split 
is similar. Let f{g) = {7r{g)v,v) be the coefficient function attached to v. Let 
$ be the characteristic function of Kr- Its Fourier transform is (apart from 
a positive factor) the function ilj{—tr{g))^, where ^ is the the characteristic 
function of the set w^^^Ob- The Godement-Jacquet equation [13] reads, apart 
from a nonzero constant factor, 

e{s,7r,iP)= I f{g-')^{g)^|;{-tT{g))\detg\'/^-'d''g. 

Since e{s,^T,^l') = q"^^^^'^~^^e{l/2,7r), we see that the integral does not change 
if we restrict the domain of the integral to the set 0^w~'^. Thus must be 
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nonzero on this set, which imphes that r > m — 1. Moreover the nonvanishing 
of the above integral imphes that for at least one g G 0^w~"^ the following 
integral is nonzero: 

/ f{k-^g-^)i;{-tTgk)dk. 

Since ip{—tTgk) does not depend on k, 

f(k-'g-')dkrtO. 



j 

Jk 



iKr, 

This implies that 



•/ = f Ti{k)vdk^Q. 



As Km is a normal subgroup of and v is invariant under , v' is invariant 
under the action of O^. So is a multiple of v' by the previous proposition 
and V is invariant under Km-i- □ 

3.4. L-functions associated to newforms. 

3.4.1. Definitions. Let ^ be a newform for Kq[N) of weight 2 with trivial 
central character. Let a^{m) be the Fourier coefficients of <p. Then the L- 
function for is defined to be 

which is absolutely convergent for s G C with Re(s) sufficiently large. Recall 
that 

WN{^){g) := 1^ J )) ^ 

with 7 = ±1, where t is an clement of such that 

• at archimedean places, t has component —1; 

• at finite place, t generates N. 

Proposition 3.4.2. The function L(s,(p) is holomorphic in s and satis- 
fies a functional equation: 

■r{sy^ 



L*{s,ct>): = dfd^F 
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Proof. Let d^xhe a Haar measure on which is a product of local Haar 
measures dx^ on such that d^x^ = dx/x if v is archimedean, and such 
that the volume of equals 1 if v is nonarchimedean. Let A(s, 4>) denote the 
function 



y ^ \ \ i„.is-i/2jx. 



y 



where (resp. Ai?^+ ) denotes the subgroup of (resp. ) of elements 
which are totally positive at archimedean places. Then A(s, 0) is absolutely 
convergent for all s G C and defines an entire function on C. Using the Fourier 
expansion of (p and Proposition 3.1.2, we have 

A(5,0) = j^^a^iyDpM^'^^l^d^y. j^JyY+''^i,{iy^)d^y 

Thus we need only prove the corresponding functional equation for A[s,(f)). 
By definition of wp,r {(/)), 




i4> 



Bringing this to our definition of A(s, X; 't')-, we obtain 

Oil L,|S-l/2 JX 



y 



^.N(iV)V2-^.A(l-s,(/)). □ 



3.4.3. Remarks. Let e be the character associated to the imaginary quadratic 
extension E/F. Let L(s,£,(j)) be the twisted L-series: 

Then this series is essentially the L-series associated to a new form in the space 
of the representation tt (gi e if tt is the representation associated to (p. Thus it 
has a functional equation. 

The base change of 0) is defined to be the product: 

Le{s, (f)) := L{s, (f))L{s, s, (f)). 
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In Section 6, using the Rankin-Selberg convolution method, we wih prove that 
Le{s,(I)) has a functional equation with sign e{N){—iy . 

3.4.4. Proof of Theorem B. Let Jx denote the Jacobian variety of X. Let 
T be the Z-subalgebra in Endz(Jx) generated by T(m) {{m,N) = 1). Then 
T (X" C = T'. For every newform (p of level dividing N, let be a character of 
T defined by as in Corollary 3.1.8, let be the subalgcbra of C generated 
by Fourier coefficients a^{m) {{m,N) = 1), and let be the maximal abelian 
subvariety of J killed by ker(a^). We say two forms 01 and 02 are conjugate 
if ker(a<^^) = ker(Q;^2), or equivalently, there is an automorphism cr of C such 
that a^^ (m) = a^^ for all m prime to N. 

Lemma 3.4.5. 1. Jx is isogenous to ©[.^jJ^ where [0] runs through the 
conjugacy classes of newforms (f) in Sn- 

2. // is nonzero, then is totally real with finite rank over Z. 

3. If (p is a newform of level N, then Lie(J<^) is a free module of rank 1 over 

Proof. Parts (1) and (3) are reformulations of parts (1) and (2) of Theorem 
3.2.1. As T acts faithfully on H^(J,7j), the characteristic polynomial of T(m) 
is monic and integral. It follows that the a{m) are algebraic integers, and that 
the subalgebra generated by a^{m) over Z has finite rank. Also as T' is 
self-adjoint, the characteristic polynomial of T(m) has only real roots. So 
is an order in a totally real number field. □ 

Now fix a newform / of weight 2 for Kq{N) with trivial character. Let A 
denote Jj. Fix a place p not dividing N. Then A has good reduction at p. 
Let £ 7^ p be a prime. Then A k{p) has the same f-adic Tate module as A, 
that is Q/). The local zeta function of ^ at p is 

Z^{t) = det(l - tFToh{p)\H\A,qi)). 

As Frob(p)* has the same characteristic polynomial as Frob(p), 

Z,itf = det[(l-tFrob(p))(l-tFrob(p)*)] 

= det(l - t(Prob(p) + Prob(p)*) + t^Prob(p)Prob(p)*). 

As Frob(p) has degree N(p), we see that Frob(p)Frob(p)* = N(p). Now the 
congruence relation 

a(p) = Prob(p)+R:ob(pr 

implies 

Z^{tf = det(l - a{p)t + N(p)t2). 
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As dimi^i(A,Q) = 2[Of:Z], 

^p(i) = No^/z(l-a(p)t + N(p)t2). 

Thus Theorem B follows, as the L-function of A is defined as 

LW(.,^) = n^^(N(pr)-^ 

3.5. Eisenstein series and theta series. 

3.5.1. Some definitions. Let fc be a positive integer. Let x be a quadratic 
character on Ap/F^ with a square-free conductor D^^ such that Xv{—^) = 
(— 1)'^, and that is prime to Dp. We extend x to Ko(D^) as in §3.1. For s 
a complex number, we define a function Hg on GL2(Ai;') by 

HJg) = l l§rx(«^K^)) if^e^oPx) 
^ 1 otherwise, 

where every element g G GL2(Ai?) has the form 

with ur{9) G Kq{1)K°°, the standard maximal subgroup of GL2(Ai?). Let 
B denote the Borel subgroup (the group of upper triangular matrices), then 
Hs{g) is left invariant under B{F). 

For Re(s) > 1, the Eisenstein series 

Es{g) = Li2s,x) E Hsil9) 

ieB(F)\GL2{F) 

is absolutely convergent and defines a (nonholomorphic and noncuspidal) form 
for Ko{D^) of (parallel) weight k, and character x- 

Proposition 3.5.2. 1. The constant term of Eg at i ^ ? I given by 



1 



the following formula: 



r (( y ^\\ = [ M2s,x)x(y)M^ ifx^^ 

""^VVO \(:F{2s)\yY + df'\p{2s-l)Vsmy\'-' ifx = l- 

2. The Whittaker function ^ q ^ ^ is ifyDp is not integral; 

otherwise it is given by the following formula: 
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with 
where 

• -Kv is a uniformizer of such that e(7r„) = 1 if tt^ \ D^. 

• n{v) is a square root of (—1)^ defined by 

k{v) = |7r^,|^/^ x{a/'^v)ipv{-a/'^v)- 



S E is a generator of Dp. 



Proof. For a = or 1, let 



Then 



W,.{(1 ; =c,(l,„), C,.{(1 ; =c.(0,„). 



The group GL2{F) has the Bruhat decomposition 

' 1 u 



GL2(F) = i?(F)m] B{F)w 



1 



where 



Therefore 



/ -1 
^=10 



+ L{2s,x)d-p^^ 1^ ( 1 )) ^(-"^)^^- 

By definition the first term is equal to 

JAp/F 
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which is 

L{2s,x)x{y)W 

if a = 0; otherwise it is zero. 

To evaluate the second integral, we notice that 

"^(o l)"(o xy~^ ) ■ 

Replacing x by xy, we see that the second integral becomes 

("^ ( 1 ) ) ^(-"^)'^^ = \y\^~' n ^sioi^vv) 

where for y e F^, 

Vs{y) = J^Hs(^(^l ~^ ^^iP{-xy)dx. 

The case where v is archimedean. If v is archimedean, we have the de- 
composition 

/ -1 \ ' ' 



\1 x J \ + 1 

It follows that 



1 X 



1 f x-i '^^ 



2-Kiyx 



-2^iyx^^ 



-dx. 



{x"^ + iy-^l'^{x + if 
The case where v is nonarchimedean. If v is nonarchimedean, then 

if X G 0„; otherwise we have the decomposition 
(l x)"(o 

Thus, 

n -1 \ \ I Xv{x)\x\-^' if X ^ 0„; 
Hv[[ , ^ ]] = { 1 iixeO^,v\D^ 



1 X 



iixeOy,v\D 
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It follows that 



+ 



ifv\D^ 



n>l J'^v 

1 iivjiD^,yeDF-'' 
otherwise. 



+ 



The case where v \ D^. If v divides D^, then J^x x{x)ipi—xyTr is 
nonzero only if y / and ord^(?/) = ra— 1. In this case it equals x(y7r")K(i;)|7r^|^/^. 
So if V divides D^, we obtain the following formula for Vs{y): 



(3.5.2) Vs{y) = 



^x(y)'^(^)K^)P* if y 7^ and ord^(?/) > 
otherwise. 



Consequently, if x is nontrivial, 14(0) = and the 0-th Fourier coefficient of 

Es{g) is 

Csiy) = L{2s,x)xiy)\y\'- 
The case where v\D^. In this case 



/ ipi—xyiT ^)dx 



1 — \TTy\ if OYdy{yDp) > n; 
-|7r^| if ordy{yDF) = n - 1; 
otherwise. 



It follows that Vs{y) is nonzero only if ord„(j/Z)i?) > and in this case 
(3.5.3) Vs{y) = X(7r.)"|7r,|2--"(1 - Itt.I) 

l<n<ord^ (yDp) 

+ l-{x{7r,)\n,\^^-^rMyD^)+i\^^\ 

ord„ (yvOp^) 

= (l-x.(7r„)|7r,p^) J2 X.K)"k.|'"^-". 

n=0 

Corollary 3.5.3. // {F,k,x) ^ (Q, 2,1) then there is a unique holo- 
morphic form E^^^ of weight k and central character x for Kq{D^) such that 
the m*^ Fourier coefficient of E-^^^ is given by 



□ 



cf^,k-i{m) = Ex(?^)N(n) 

n\m 



k-l 
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Proof. The function Vs{y) can be analytically extended to a function for 
all Re(s) > and has exponential decay with respect to y. When s = k/2, 

{-2mfy^-^e-'^''y if y > 
if y < 0. 



Vk/2{y) 



Now, Es{g) can be analytically continued to a form for Re(s) > and Ek/2{g) 
is a holomorphic form whose m}^ Fourier coefficients are given by 

f L{k,x) if m = 0; 

1 ^x,k<^x,k-ii'nT') if 7^ 

where 



3.5.4. Remarks. 1. When k = 1 and x is the character attached to an 
imaginary quadratic extension E/F, the form E^^k is called the thcta series 
associated to the extension E/F and is denoted as 6e/f or simply 9; thus 

Ei/2 = As^i9. 

Notice that in this case c^^^fc-il?^) is the number of integral ideals in E with 
norm m' , where m' is the maximal factor of m prime io De- We denote this 
number simply by r{m). 

2. When {F, k, x) = (Q, 2, 1), Ei{g) is holomorphic except for the constant 
term. 



4. Global intersections 



In this section we will study the Neron-Tate height pairing {z, T{m)z) of 
the Heegner points and the CM-points. More precisely, we will first show that 
{z, T(m)z) is the coefficient of a modular form 5', and then express the heights 
as the arithmetic intersections using the arithmetic Hodge index theorem [8]. 
Finally we decompose this number as a sum of local intersections. Compared 
with the case F = Q, there are two major difficulties: one is the absence of 
cusps which were used to map the modular curves to their Jacobians; another 
is the absence of the Dedekind ry-function which was used to compute the self- 
intersection. Therefore we can only obtain an expression of {z,T{m)z) as a 
sum of the local intersections of CM-points which meet properly at special 
fibers, modulo some multiple of the coefficients in the Dirichlet series Csis) 
and Cf{s)Cf{s — 1). At the end of this section, we will use the multiplicity-one 
theorem to show that the modular form * actually is uniquely determined by 
our expression. This section contains most of the new ideas of this paper. 
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4.1. Height pairing. 

4.1.1. Height pairings as Fourier coefficients. In the introduction, we 
defined a Shimura curve X and a Heegner point z in the Jacobian J{E) Q 
of X. In Section 1.4 we defined the Hecke operator T(m) as a correspondence 
for m prime to N. As in the modular curve case we want to show that 

{z,T„,z), meNp, {m,N) = l 

are Fourier coefficients of a holomorphic cusp form for Ko{N), where (•,•) is 
the Neron-Tate height pairing on J{F) ® Q. Actually this is a general fact: 

Lemma 4.1.2. Let Sn denote the sum of S^"""" {Ko{N')) for all N'\N. For 
any x G Jac(X)(F), there is a unique element fx in Sn such that {x,T{m)x) 
is the m*^ coefficient in the Fourier expansion of f at oo for all m E Np prime 
to N. 

Proof. Now T' also acts on J{F) (g) C. So T ^ {x, Tx) gives a linear 
function on T' and, therefore, on T. Now the conclusion follows from Corollary 
3.1.8 and Lemma 3.4.5. □ 

4.1.3. Height pairings as intersection pairings. Let ^' denote the form 
fz defined in the lemma. The purpose of this section is to show that ^ is 
determined by the local arithmetic intersections of some CM-divisors. 

We have constructed an integral model X for X over Op- However this 
model is not fine enough for the computation of intersection numbers. Instead 
of X we will consider X which is the Shimura curve corresponding to a smaller 
group K such that the corresponding curve has a regular model. For example, 
we may take K := (1 + NeOb,p)^ H U where U is an open compact subgroup 
of G{Af) which is maximal at places dividing NDe- When U is sufficiently 
small, X has a regular model over X over Op- As [/ is maximal at places 
dividing Dp., X x SpecO^; is also regular. Let vr : Xp Xp be the projection 
induced by the inclusion K ^ K, and let z be the pullback of z on Xp. Then 
z has degree on each irreducible component of Xp. The projection formula 
for heights gives 

{z,T{m)z) = (z,T(m)5)/deg7r. 

Here the pairing on the right-hand side is the Neron-Tate pairing on the Jaco- 
bian oi X E, which by definition is the product of Jacobians of irreducible 
components. 

We may write {z,T{m)z) as an intersection of arithmetic divisors on X 
Op ([9], [11], [12]). More precisely, let z be the arithmetic divisor on A" (g) Op 
which has curvature on the Riemann surface -'^(C) and has zero degree on 
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each irreducible component C of the special fibers of (g) Og; then the Hodge 
index theorem gives 

{z,T{m)z) = -{z,T{m)z). 
Here the right-hand side is the arithmetic intersection. 

4.1.4. A formula for z. We write a formula for z and let rj be the divisor 

X 

where u = [O^ : Op] and x runs through the set of positively oriented Heegner 
points on X. Let rj be the pull-back of r/ on (g) Let fj denote the Zariski 
closure oi rj on X fS> Oe- For each infinite place r of -F, ^^-(C) is a Riemann 
surface compactificd from a quotient of 7i. Let dji be a volume form on Xe{C) 
such that on each irreducible component Xi of Xe(C), dji has volume 1, and 
the pull-back of on H is proportional to the Poincare metric dxdy/y^ for 
x+yi G H. Let g denote Green's function on X{C) with respect to the Poincare 
volume form d/x: 

dd 

—g = S^^ - deg[r]i)dfi, where r]i = r]\xi- 

TTl 

Let f] denote the arithmetic divisor {fj^g). 

Let ^ be the class in Pic(X) (g) Q which has component on each geomet- 
rically connected component X^ defined as in the introduction. Then z is the 
class ofr) — h$, where /t is a number such that z has degree on each irreducible 

component of X. Let ^ be the pull-back of ^ on Xe- Then ^ is the class of the 
bundle 0~ [cusps] divided by its degree. We will find an extension of ^ to an 

arithmetic class ^ whose curvature is a multiple of dfj, on each component Xj. 
We need only do this locally at each place v oi Op- 

Choose F' as before. Let X' be the Shimura curve defined over F' asso- 
ciated to the open compact subgroup K' = K ■ J of B ^ , where J is an open 
compact subgroup of Op, which is maximal at places dividing N. Choose U 
and J sufficiently small so that T := J^k' is representable. Let A be the uni- 
versal abelian variety over X' and let Cp' denote det(Lie.4)^. Then by the 
Kodaira-Spencer map, Cp: equals the canonical bundle f2^[cusps] on X' . 

If V is an infinite place r of F, then Xr can be embedded into X^. The 
bundle Cy has a Peterson- Weil metric ||-||: for a point x € ^^-(C) representing 
an abelian variety A, and for an element a E Cy = ^{A, fi^^), 

= (-0^^ / a A a. 
Ja{C) 

So we obtain a metric on ^; this is nothing else but the standard hyperbolic 
metric up to a constant multiple. 
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If is a finite place p, we assume that F' is split at p and that J is 
maximal at places dividing p. We assume that J^K',p is representable by a 
regular scheme X' over Op. Then we can define a bundle on X' the same 
way. Let O^j be the completion of the maximal unramified extension of Op\ 
then Arour can be embedded into A'^u^. Now the restriction of £„ on Xnur 

defines an extension of [cusps]. If p does not divide A'^, then this integral 
structure is the same as that induced by on X at v. 

Let L be the extension of ^ [cusps] on X such that Lp = C®0^ for every 
p. Let ^ be the arithmetic divisor class of the hermitian line bundle (£, || • ||) 
dividing by its degree. Then rj — has curvature zero. 

For simplicity of notation and computation, we will assume that E/F is 
not unramified. In this case rj will have the same degree on each geometrically 
connected component of X, and so will rj. Now we can write 

z := ff — + Z 

where ^ is a number such that z has degree on each geometrically connected 
component of the generic fiber, and Z is a vertical divisor of A" (g) Oe such 

that z has the degree on any irreducible component of the special fibers of 
X Oe- In the following subsections we will compute T(m)r/, T(m)^, and 
T{m)Z respectively. 

4.2. Computing T(m)rj. 

Proposition 4.2.1. For c prime to N, let 

'nc = nj^^x, 

where Uc is the cardinality of / Op , and where the sum runs through the 
set of positively oriented CM-points of conductor c. Then for m prime to N, 

T(m)?7i = ^ r{m/c)r]c 

c\m 

where r{m) denotes the number of integral ideals in Oe with norm m. 

Proof. The map (\/— T, g) ^ g identifies the set of CM-points with the set 

For any C>F-module M, write for M®0'^, where O^ is the product n^jjv ^p- 
Also write for the group of elements in which is a unit at p for any 
place p dividing N. Then the set of positively oriented CM-points is identified 
with 

p\N 



90 SHOUWU ZHANG 

As B is unramified off N, there is an isomorphism ~ Endc)^(C?g) 
of the left Og-algebras. Now the correspondence g —>■ gO^^ gives a bijection 
between the set of positively oriented CM-points and the set of classes of O^- 
lattices in E'": 

E\{0^ - lattices in E''] 

where E^ acts on the lattices by left multiplication. It is not difficult to show 
that if a CM-point has order Oc then the corresponding lattice class has the 
form gO\. with g an element in E^ . This shows that the set of CM-points of 
conductor c is bijective to 

More precisely, let Sc denote a subset of E^ representing the above set; then 
rjc has the expression 

-yeSc 

where Sc is considered as a subset of i?^ by setting components 1 at places 
dividing N. 

The action of T(m) on CM-points can be described as follows. If x is 

represented by a lattice L in E^ then T{m)x is the sum of classes of all sub- 
lattices M of norm m (this means that the product of elementary factors of 
OiT'-module L/M is m). 

Let [gO^] be a lattice class with g e E^'^ . Then the multiplicity of [gOl] 
in T(m)r7i is equal to u^^ times the number of pairs 

{^,k)eS,xEi/0^ 

such that kgO^ is a sublattice of jO'^^ of norm m, or equivalently 

j-^gk G O'e, nr^gk) = m/c. 

Now the surjective map 

SixE^/O^ ^{eY/o'^, ig,k)^r'9k {niod o'^) 

is [O^ ■ O^] to 1. Thus the multiplicity is equal to 

«r'[C?B ■■ ]#{7 e dyO^^ : N(7) = m/c} = u-'r{m/c). □ 

Let denote the sum of r)a for all a|c and a ^ Op, and define 
(4.2.1) T\m)r^ = J2s{c)vl/c. 

c\m 

Then T°(m)r7 is disjoint to rj. As r(m) = J2n\m^i''^)i obtain: 
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Corollary 4.2.2. Ifm is prime to NDe, then 
T(m)ry = T^{m)r) + r{m)r). 

4.3. Computing T{m)(^. 

4.3.1. Some definitions. Let ir : U — > F be a finite flat morphism of 
integral schemes. Let Pic{U), Pic{V) be categories of line bundles on U and V 
respectively. Then we can define the pull-back functor tt* : Pic(F) Pic(C/) 

as usual, and the norm functor N^^ : Pic(?7) Pic{V) as follows. If L is a 
line bundle on U then ]Si^{L) is a line bundle on V which is locally generated 
by N7r(^) with £ a section of C such that 

N^(/£) = Norm(/)N^(^) 

where Norm is the norm map f*Ou — > Oy for the algebra extension Oy — >■ 
f*Ou- It follows from the definition that if L = Ou{D) for a divisor D on U, 
then Nt^{L) is canonically isomorphic to Ov{t^*D). 

If W is an integral subscheme oiU such that the projection from W 
to U is finite and flat then we can define a functor W : Pic(y) Pic(C/) 
as W{L) = N^jjTTy^L) where ttu, t^v are projections from W to U and V 
respectively. We may extend this definition linearly to any correspondence W 
olU xV such that W has all irreducible components finite and flat over U . 

It is easy to see that at the generic flber 

T(m)^ = ai(m)e 

The following proposition gives the corresponding formula for T(m)^. 
Proposition 4.3.2. There is a morphism 

such that the following conditions are verified: 

1. Let c eNf be such that 

i^rnC^{m)jC) = CjC'''^"'\ 

Then for each finite place p, 

n 

ordp(c) = 2c7i(mp^-'^«=('"))5]iN(p-*). 

i=0 

2. Let be the following function on X{C) 

II^IUW := J!^, 
where P is a nonzero element in T(m)(£)(x). Then 
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Proof. We need only prove the corresponding statement on X'. For this 
we extend T(m) to X' by the formula (1.4.1). By Proposition 1.4.2, we have 
the following modular interpretation for T(m): For any object [A,C] of T{S), 

T{m)[A,C]=Y.[AD,CD] 

D 

where D runs through the set of admissible submodules of A of order m, 
A = A/D, Cd = C + D/D. Let be the subschcmc of X' x X' which 
represents the isogenics Ai A2 with admissible kernel of order rn; then 
T(m) is induced by Xm- 

Let TT : .Ai ^ ^2 be the universal isogeny over Xm, and let pi,P2 
be the projection of Xm to X' . Then p*C = dct Lic(ylj)^. The morphism 
TT* : Lie(v42) Lie(v4i) therefore induces a morphism of line bundles on X': 

Notice that by definition T{m)£ = Npip|(>C), and Np^p^Z: = £<^iM. Therefore, 
we obtain a morphism of line bundles: 

To prove (1), we need only check the proposition locally at each finite 
place p prime to N. Write m = m! with (m', p) = 1. Then V^j^ is factored 
as a composition of "^m! a^id f/'pn : 

T(m)(£) = T(p")T(m')/:^^^^^T(p")/:<^i("^')-^^^ 

As T(m') is etale at p, it follows that if ippn has order t at p, then tpm has 
order ai{m')t. 

Let X : SpecVF Xg, he a strictly henselian point represented by an 
abelian variety A with ordinary reduction. Then 



T(p")(/:^) = ®cdetLie(^/L>) 



V 



where D runs through the set of admissible submodules of A of order m. Fix an 

1 




isomorphism Ob,p ^ M2(Op). Let G denote the Op-module ( 1 ) ^[p°°]^ 



of dimension 1; then detLie(^) = Lie(G)'^^. It follows that 

T(p")£ = HiUeG/H)^-'^ 

H 

where H runs through the set of submodules of G of order p", and that the 
morphism ip : T(p'^)>C —>■ is induced by morphisms tt* : Lie(G/if)^ — > 

Lie(G)^. Let 

0^ H' H" ^0 
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be the formal-etale decomposition. Then 

UeiCy I iT*Ue{G/Hy ~ Q*{ytH) ^ Q*{^h>) 

where is the 0-section of G. 

Now G has a decomposition G = Si © Fp/Op where Si is a formal 
Op-modulc of height 1. It follows that H has the form H = Si[p*] Gn-i,\ 
where < i < n, A € p'^^Op/Op, and Gn-i,x is the subgroup with the generic 
fiber {(Ax,x) : x G p'-'^Op/Op}. Thus 

0*(Oh) ^ 0*(^7s,[p.]) ^ Lic(Si)Vp*Lie(Si)^ ~ Op/p\ 

It follows that the quotient of has the order 

n 

j=0 

It remains to prove (1). Recall that T{m)C{x) is equal to 

(8)£) det Lie(^/L»)'^ 

where D runs through the set of admissible submodules of order m. As ^ is 
induced by the maps 

the norm of il^ is the product of the norms of 

det7r|p : detr(f^\/^) ^ detr(f^\) 

which is (degTTij)^/^ = N(m)^. Then for any infinite place r, 

llV'llrla;) = N(m)2<^i("^). □ 

Corollary 4.3.3. Let (f) be a function on the set of elements of Np 
prime to N with values in the group of arithmetic divisors on Op defined by 
the formula 

T(m)^= ai{m){^+(j){m)). 
Then (p is quasi- additive: for any m' and m" such that {m',m") = 1 then 

(p{m'm") = (f){m') + (p{m"). 

Proof. We decompose 4>{m) = J2 4'i^)v[v] where v runs through all places 
of F. Then by the proposition, 

_ f ca(p°''d«=("*))-iE?=o^N(p"-0 if V = P is finite, 
1 clogN(m) if V is infinite 

where c is some fixed constant. Thus cf) is additive for coprime m's. □ 
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4.4. Computing T{m)Z. 

4.4.1. Decompositions. For each finite place p of F, let Vp denote the 
group of Q-divisors of X supported in the fiber over p modulo the subgroup 
of Q-divisors of connected components. Then we have the decomposition 

^ = E^p 

where Zp arc elements in Vp. We want to study T{m)Zp for m prime to ND^- 
If we choose different models X ^ then the decomposition is preserved by the 
pull-back maps. So we assume that X has the same level structure as X at 
the place p. 

Proposition 4.4.2. Assume that p is split in B. Then 

T{m)Zp = ai{m)Zp. 

Proof. By definition T(m)Z is a unique solution to the equations 

(T(m)f? - hT{m)^+ T{m)Z, P) = 

for any irreducible vertical divisor P on X <Si Oe- As X <Si E is smooth at the 
places not dividing N, we need only check that the differences 

Zi = T{m)rj - ai{m)rj and Z2 = T(m)f- C7i(m)f 

both have degree on each irreducible component of X over p dividing N. For 
Z2 this follows from Proposition 4.3.2. It remains to study Zi. 

Case 1. p does not divide N. In this case, each geometrically connected 
component of Xp has only one irreducible component. Thus Zp = 0. 

Case 2. p split in E. Let Kq denote the level structure obtained by 
replacing the level structure Kp by the maximal one ^. Let Xq denote 

the corresponding Shimura curve. Then the natural map X ^ Xq induces a 
bijection on the set of connected components. Over Xq we have the divisible 

Op-module oi height 2 and X classifies the "cyclic" submodules C of 
of order p°^'^p(^\ For a fixed irreducible component D of the special fiber of 
Xq over p, by Proposition 1.3.2, the set of irreducible components of X over 
D is indexed by the types of the subgroups over the ordinary points over D. 
By Proposition 2.2.3, all divisors ijc will have ordinary reduction at p and the 
corresponding subgroups are of the same type: either all etale or all formal. 
It follows that all CM-divisors rjc with positive orientation will reduce to the 
same irreducible component of Xp over D. This implies that Zi has degree 
on each irreducible component of Xp. 
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Case 3. p is split in B and inert in E. We claim that each connected 
component of X over p has only one irreducible component. With the notation 
as Section 1.3.1 and Proposition 1.3.2, the set of irreducible components of Xp 
over D is indexed by ¥^{Fp)/K^' where K^' = F^Rf^. As R contains Oe,p, 
and FpO^ ^ = E^, it suffices to show that P^(Fp) has only one orbit under 
the action of E^ for any embedding Ep —>■ M2{Fp). Up to a conjugation, we 
may identify ¥^{Fp) as the set of surjective Fp-homomorphisms, from Ep to 
Fp and the action of E^ is given by multiplication on Ep. It follows that 
F^{Fp) has one element tr : Ep — > Fp. As the pairing 

EpXEp^ Fp, {x, y) ir{xy) 

is nondegenerate, any other surjective Fp-homomorphism (f) : Ep ^ Fp will 
have the form 

(f){x) = tr(ax) 

where a is a nonzero element of Ep. In other words, (f) = a(tr), or the action 
of Ep on P^(_Fp) is transitive. Consequently, each connected component of Xp 
has only one irreducible component. As in case 1, we have Zp = 0. □ 

It remains to consider the case where p is not split in B. The conclusion of 
the previous proposition will definitely not be true. But we have the following: 

Proposition 4.4.3. Assume that p is not split in B. Then for any 
element D G Vp, there is a holomorphic Vp-valued cusp form f of weight 2 and 
level Kq{N^) such that for all but finitely many m, the m- coefficient of f is 
given by T{m)D, where m denotes Np-°'"^<^^^\ 

Proof. Actually by Proposition 1.3.4, the set of irreducible components of 
X is identified with 

= B{pr\B{pf/FXGUiOp)K^\ 

The group Vp is therefore identified with a subgroup of the space V of complex 
functions on S^^. By Jacquet-Langlands theory [24], the action of the Hecke 
correspondences is factored through the action of the Hecke algebra of holo- 
morphic cusp forms of weight 2 and level F^GL2{Op)K^, so the proposition 
is true with the level structure Kq[N) replaced by Kq{N^)nK^ . 

Using the pull-back of divisors, we notice that the minimal level of the 
forms which have T{m)D as Fourier coefficients does exist and does not depend 
on the choice of K. Thus this minimal level must be Ko{N^). □ 

4.4.4. Some definitions. Let S denote the vector space of complex-valued 
functions on modulo an equivalence relation so that two functions a and b 
are equivalent if and only if there is some element M such that a{i) = b{£) for 
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any i prime to M. The strong multiplicity theorem 3.1.7 implies that the map 



is an embedding from Sn into S. We say a function ^ in 5 is quasi-multiplicative 
if there is an M G such that 

f{mn) = f{m)f{n) 

for all m, n G such that 

(m, n) = (mra, M) = 1. 
For a quasi-multiplicative function /, a function h is called an f- derivative if 

h{mn) = f{m)h{n) + f{n)h{m) 

for all (m, n) as above. 

Let (Ji and r denote the elements in S defined by: m — > (Ti(m) and 
m — >■ r{m) respectively, and let Pjv be the subspace of S generated by cri, r, 
(Ti-derivatives, and r-derivatives, and the Fourier coefficients corresponding to 
the old cusp forms of weight 2. Then we have: 

Proposition 4.4.5. Let $ denote the image of * in S. Then in S, 



Now we have shown: 

• T{m)Zp = G\{rn)Zp if <p is split in B, and m — T{m)Zp is given by an 
old cusp form of weight 2 if p is not split in B; 



f 



f -.n^ af{n) 



*(m) = - (?7,T°(m)r/) /degvr (mod Pat). 



Proof. By discussions in 4.1.3 and 4.1.4, for m prime to NDe, 



$(to) = - (^fj - hi + Z,T{m){f} - hi + Z)^ /degTr. 



• T(m)^ = (Ti(m)(^ + ip{m)) with quasi-additive; 



• T{m)fj = r{m)rj + T^{m)rj. 



It follows that 




□ 



4.5. A uniqueness theorem. Now we are going to prove that the relation 
in Proposition 4.4.5 determines a newform projection of ^ uniquely: 
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Proposition 4.5.1. Let f be an element in the space Sn such that in S, 

f = (modPjv). 
Then f is an old cusp form of weight 2. 
Proof. We start from the following: 

Lemma 4.5.2. Let ai, - ■ ■ ,a£ be distinct nonzero quasi-multiplicative el- 
ements in S. Then the equation 

(ciai + hi)-\ h {c^ai + hi) = 

in S does not have a nonzero solution 

X = (ci, hi, ■ ■ ■ ,Q, he), 

where for each i, Ci is a constant and hi is an ai- derivative. 

Proof. Assume that the lemma is not true, then we will have one solution 
xq = {ci,hi, - ■ ■ ,c'i,hi). Let M be an clement in Nj? such that 

{ciai{n) + hi{n)) 4 h {ciai{n) + hi{n)) = 

for any n prime to M. Let m be any ideal prime to M; then for any n prime 

to mM, we have 

{ciai{mn) + h\{mn)) + (0202 (mra) + h2{mn)) + • • • = 0. 
So we have a new solution 

xi = (ciai(m) + hi{m),ai{m)hi, ■ ■ , ceae{m) + hi{m), ae{m)he). 
If hi (m) 7^ then we obtain a solution 

x/ = xi ~ ai{m)xo = {hi{m),0, ■ ■ ■), 

in which hi = and ci 7^ 0. Doing this for each i, we obtain a solution in 
which every hi = but some Ci will not be 0. We need only to show that 
cci, ■ ■ • , are linearly independent. This is similar to the proof of the linear 
independence of the characters of a group. □ 

Now go back to the proof of our proposition. Decompose / into a sum of 

newforms of levels dividing N and forms of type ^5 ^ ^ ^ ) ) ' ^^^""^ d 1 

is a divisor of iV in and is a newform of level d~^N. Then the above 
lemma implies the proposition if we can show that ai and r are distinct and 
not in the image of newforms. For any quasi-multiplicative a in »S, we define 
the Dirichlet series 

L{s,a) = ^a{n)N{n)-' 

n 
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which is well-defined modulo finitely many factors. Then it is easy to see up 
to finitely many factors, 

L{s, r) = Ce{s), L{s, cTi) = Cf{s - 1)Cf(s)- 

So L{s, r) has a pole at s = 1 and L(s, cJi) has a pole at s = 2. If r is multiple 
of (Ti in (S, then L(s, r) should be equal to a multiple of L(s, cri) up to finitely 
many Euler factors. This is impossible as they have different poles. The same 
argument shows that cJi and r should not be equal to / for any cusp form /, 
as -L(s, /) = /) is holomorphic at s = 2 and s = 1. □ 

4.5.3. Remarks. The number (77, T*^ (771)77)/ deg vr does not depend on the 
choice oi t: : X ^ X. Let us denote it by (r/, T° (771)77). -^s two divisors rj and 
T°(m)7y are disjoint at the generic fibers, it has decomposition 

(?7,T°(?TT,)7?) = ^(7?, T° (777)7/)^ 

where v runs through the set of all places of F, and 

(r/,T°(m)r/)^ = 5^(7?,TO(m)7?)^/deg7r 

w\v 

where w runs through all places of E over v. 

Assume that m is prime to NDe, then by (4.2.1), the computation of 5' 
modulo oldforms is reduced to the computation of 

{v,Vc)v ■= {V,rf )/ degvr. 

In the following section we will first compute the local intersections then add 
them together. 

5. Local intersections 

In this section we are going to compute {r),T{m)^r))y where u is a place 
of E. We follow the method of Gross- Kohnen-Zagier [22]. However we are 
working on CM-points with the discriminants not necessarily coprime. Again, 
we need to assume that every factor of 2 is split in E. 

5.1. Archimedean intersections. In this subsection we want to compute 
the infinite local intersections (r?, 7/g)„ where c G is prime to NDe and 
TT : X ^ X is some covering of X constructed as in Section 4.1. First of all let 
us assume that v is over r, the embedding chosen in the introduction. 

5.1.1. Intersections as Green' s functions. Let i^j's be nonconjugate orders 
of B of type {N, E). Then X{C.) is a union of Riemann surfaces 

Xi = Rf_^\H = RfyH^. 
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We want to compute the intersections {rii.,rfl^)y separately, where rn and rf^^ 
are restrictions of r] and rf^ on Xj. Let gi{x,y) be Green's function on the 
compactification of Xi with respect to the Poincare metric dfi: 

-^9i{x,y) = 5y- dii{x). 
m 

We can Unearly extend gi to a function on the set of disjoint pairs of divisors. 
Lemma 5.L2. {vi,Vc,i)v = 9i{Vi,Vc,i)- 

Proof. Let Xi be the part of X which projects into Xj. Then the Riemann 
surface X^ is a union of Riemann surfaces of the form: Xij = Ti^yH, where 
Fjj C PGL2(M)"'" acts freely on H. Let r)ij and 77°^ ^ be the restrictions of rji 
and 77^ j on Xij; then by construction of rfi, as in 4.1.4, 

{%,rPc,i)v = J29i,jiVi,j,Vc,i,j)/ degTT, 
3 

where gi,j{x, y) are Green's functions on the compactifications of Xi^s with re- 
spect to the Poincare metric. Now the lemma follows easily from the projection 
formula 

9i{x,y) = ^gi,j{n~^{x),n~^{y))l degvr 
3 

for any distinct x and y va. Xi{C). □ 

5.1.3. Construction of Green'' s functions. Now y) can be constructed 
as follows [16]: for s G C with Re(s) > 1, define the function 

^ + ^ 

iVm.zVm.w I 

where Qs-i{u) is the Legendre function of the second kind: 

Qs-i{u)= [ {u+Vu'^ - I cosh tydt. 
Jo 

Then the function on Xi, 

gs,i{z,w) = ^ Gs{z,jw) 

is convergent and has a simple pole at s = 1 with residue 1/xi where Fj is the 
image of in PSL2(M) and Xi is the Euler characteristic of Xi. Then we 
have an identity 

gi{z,w) = hn,^(^gs,i{z,w)-^^^^y 
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Let X, y be two points on X^(C) represented by z, w on Ti. Let Ux and Uy 
be the orders of stabilizers of x and y in Fj respectively. Let Px and Py be the 
sets of points on H mapping to x and y, respectively. Then, 



gi{x/ux,y/uy) = lini 



E 



gs{z,w) - 



Ux ^Uy ^ 



_iz,w)eri\p^xPy 

Applying this to components in rji and ry^j, we see that Lemma 5.1.2 gives 



(5.1.1) 



{ili,Vc,i)v = lim 



E 



9s{z,w) 



deg T] deg ry^ 



(2,«))erAAxpo, 

where Pj and P^j are the sets of points in H mapping to components of rji 
and ?7° i. 

5.1.4. Descriptions of CM- points. We may identify with 

HomM(C,M2(M)) 

such that a z = g{^/^) G H"^ with 5 G GL2(M), then the corresponding 



element 



M2(M) takes a + bi to g 



-b a 



g ^. In this way, the 



CM-points on are those points induced by a homomorphism cp : K B 
with order given by (p^^lRi). 

For two points z and 'u; in corresponding to two homomorphisms (j)z 
and 4>yj in Hom(C, M2(M)) it is easy to check that 



1 + 



\z — w\ 
2Im^Im'u; 



1 



tic(iziw^t 



where i^ = 4>z{i) i^j = (f)w{i)- It follows that z and w are in the same 
connected component and z ^ w if and only if —^tr{iziw) > 1- Let Vi (resp. 
■p^j) denote the inverse image of r]i and r]^^ on H^, and let Vc,i denote the 



union of Vi and 7^° j. Then we have 



For an element c G Nf, define 



^ , 1 • x\ , deg?7idegr/; 



> . 



(5.1.2) Uv^sic,i)= Qs-i (-^tv{iziw)] ■ 



-itr(izitij)>l 
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Then formula (5.1.1) gives 

(5.1.3) {Vi,'nc,i)Ti = lim (uy^sic,i) -«^,,s(l,«) + ^ 



s^l \^ s{s - l)x J 

5.1.5. Linking numbers. Each pair (2;,?/;) E Vi x Vc,i of determines 
two homomorphisms (/>2 and from K to B such that (pziOx) C i?i and 
<A«>(C'c) C Ri and such that 02 and 0^ have the same orientation. Let a,b be 
two totally positive elements of c and De respectively such that both a and b 
are prime to N and that is in Let ei = 4>z{V--b) and 62 = 0^(c\/^) 
in As and have positive orientation, we have 

(aei - 62)^ = (mod AN). 

In other words there is an n G Na~^b~^ such that 

tr(eie2) = —2ab + Anab. 

It is easy to verify that n is independent of the choice of c and d. So n G 
Nc^^De^^ . We call n the linking number of z and w (or (f)z and 0U,) and 
denote it by n{z,w) ( or n{4'z,4'w))- 
As 

--tr(zait(,) = 1 - 2ri(n), 

formula (5.1.2) becomes 

(5.1.4) Uy^s{c,i) = Qv{c,n,i)Qs-i{l -2Ti{n)), 

T(n)<0 

where Qv{c,n,i) is the number of conjugacy classes of pairs {z,w) E Vi x Vc,i 
such that n{z, w) = n. 

5.1.6. Summing up. We need to sum up formula (5.1.3) for all i, but only 
for £>^,(c, n, j)'s and residues. Let P(n)j denote the set of conjugacy classes of 
pairs (01,02) G Hom(£', i?)^ such that 

01 (Ob) C Ri, 02(Oc) C Ri, n{(t)i, 02) = n. 

Then any pair (0i, 02) defines two CM-points {z , w) TC x Ti. with conductor 1 
and c respectively. These two points arc in Vi x if and only if the morphism 
02 defined by z has positive orientation. The orientation group W acts freely 
on UiP{n)i which, therefore, has cardinality gr{c,n) := 2^ J2i Qv{c,n,i). 
Now we want to treat the residue term in formula (5.1.3). 



Lemma 5.1.7. The numbers degrji, degrjci, Xi do not depend on i, if 
they are nonzero. 
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Proof. The natural projection from ^^-(C) onto the set of its connected 
components is given by the determinant map 

X{C) ^ 7ro(X(C) := F^XF"" / F'^'^O^, 

{z,g) en^B^ ^ dctg. 

Now rjc is u^^ times the sum of CM-points represented by (V— 1, 9) with g in 
E^\E^ /F^O^ . The determinant map restricted on these CM-points is given 
by the norm homomorphism 

Thus the pre- image of every point in 7ro(X(C) has the same cardinahty if it 
is not empty. This imphes that degr/ci, therefore, degry^ and degry^j do not 
depend on i if they are nonzero. 

It remains to show that Xi does not depend on i. Recall that Xi is the 
volume of with respect to the measure dxdy/y^ on Ti times an absolute con- 
stant. We need only show that the volume of Xi does not depend on i. For this 
we use Hecke's correspondence T(m). By the definition of T(m) in Section 1.4, 
the induced action of T(m) on 7ro(X(C)) is given by [x] oi{ra)[rax], where 
[x\ denote a point represented by x G F^ . On the other hand, T(m) changes 
volume form dxdyjip' to ai{m)dxdy /y^ . Thus all connected components of 
Xt{£) must have the same volume. □ 

5.1.8. Intersection on other archimedean places. Now we want to com- 
pute the archimedean intersection for places of E over T2, • • • , r^. For this we 
need to describe the conjugation ^^-^.(C) of ^(C) over F. Let B{Tk) denote a 
quaternion algebra obtained from B by switching invariants at ri and r^. Fix 
an order i?(rfe) of B{Tk) of type (A^, E); then 

Xr^ (c) ^ B{Tkr\n^ X B{Tkr/R{Tkr. 

So the above formulas (5.1.2)-(5.1.4) and Lemma 5.1.7 for (77, 77^) work for each 

Tfe- 

More precisely for each infinite place r^, let grf.{c,n) be defined as above 
for B{Tf;); then we have the following: 

Proposition 5.1.9. For each infinite place v of E over an infinite place 
Tk of F, the local intersection (77,77°)^ is given by the formula 

V ( ( \ trn \ ^ deg?7deg?7°\ 

hm Ur„.(c) - Ur^siOp) + _ 1 , 

where x is a constant independent of c and Tk, and 

UTk,s{c)= X] '^~^QTk{c,n)Qs-i{l-2Tk{n)) . 

rfc(n)<0 
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5.2. Nonarchimedean intersections. In this section we want to compute 
the intersection of rj and rj^ at a place v of E over a prime p of F. 

5.2.1. Some intersection settings. Let q denote the prime of Oe cor- 
responding to V, and let Oq'^ be the completion of the maximal unramified 
extension of Oq with a uniformizer tt. Let E^^ denote its field of fractions. 

Then X := X (g) O^' can be embedded into X' = X' (g) O^'. For any O^'- 
schcmc S, the set ]iomQ^i{S, X') parametrizes isomorphism classes of objects 
[A, C, kq] where [A, C] is an object of J^{S), and kq is a level structure defined 
by the compact subgroup U x J. 

Let X and y be two integral components of rj and respectively, over 
E^'^ . Then x is the image of a morphism from E^^ to X and y is the image 
of a morphism from F{W) to X where F(W) is the fraction field of a finite 
extension W of E^^. Let us denote 

{x,y)q = {Tr*{x)/ux,Tr*{y)/uy)/ degvr, 

where tt*(x) and 7r*{y) are the Zariski closures of 7r*(x) and Tr*{y). 
Assume that U and J are maximal at places dividing c; then 

TT* (x) = u^^Xi, TT* (y) = ^ yj- 

where the Xi are points of X defined over E^^ and the yj are points defined 
over F{W). Now, we have 

(5.2.1) = 17^13 (^i'^i) • 

5.2.2. Moduli interpretation. The schemes 7r*(x) = UxJ2'3h, and 7r*(y) = 
UyJ2yj represent objects [A, C, Ki] and [A', C', k'j], where [A, C] and [A', C] are 
objects represented by the Zariski closures x and y of x and y in X, respectively, 
and Ki and kj are level structures on them for the group U ■ J. 

Now let us study the local intersection (77, r]^)^ in two cases: p j c and p | c. 

Case 1. p| c. Let x and y be integral components of rj and 77° over E^^"". 
Then all Xi and y^- are sections of X over O™. Let zi,Z2, - ■ ■ , be the inverse 
images of the reduction z of x on X. Let [A^,C^,Kfl] be the corresponding 
objects. 

If p is split in E and and yj intersect at some z^, then both Xj and 
yj are canonical liftings of z^ with the same multiplication by End(x), so that 
Xi = yj. This is impossible and now (x, y)q = 0. 

If p is not split in E and Xj and yj intersect at some Zk in the special fiber, 
then there are two embeddings Ux ■ End(x) — ^ End(z) and ay : End(y) — > 
End(2;). With respect to and and y are canonical liftings. 
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Fix isomorphisms 

End(x) ~ Oe, 

(5.2.2) I End(y) ~ Oc, 

End(z) ~ Rip), 

where R{p) is an order of type {N{p), E) in the quaternion algebra B{p). We 
require that the first two isomorphisms satisfy the conditions of Proposition 
2.1.3. Let 

n = n{ax, ay) G N(p)c~^De~^ 
be the Hnk number defined as in 5.1.5. 

Lemma 5.2.3. Assume that oidp{N) < 1. Then the intersection of x and 
y is given by (x, y)q = m{n) where 



m{n) = 



ordp(np) ifp\DE 
[ordp(np/iV)/2] tf p\De. 



Proof. In this case the component of C at p is 0. Thus the formal de- 
formation of the formal group gives a formal neighborhood of z^s in X. By 
(5.2.1), it is not difficult to show that (x, y) equals the maximal integer m such 
that 

1. End(xm) contains the images of ax and ay where Xm is the restriction 
of X on 0^'/q"'0^'; 

2. ax = ay (mod g^^^vr) in Ob{p) as x and y have the same orientation 
at p, where 

' q if p I NDp 
w otherwise, 



TT 



bm = 



and where is a uniformizer oi B{p) 

By Proposition 2.4.5, End(x^) is the unique suborder of R{p) of type 
{E, p^'^N) where 

' 2m-l iip\DE 
m if P I De- 

On the other hand, the algebra Ox,y generated by the images of ax, ay has 
discriminant D„ := c^DB^n(l — n). Thus m{n) is the largest number such 
that ordp(D„) > bm- Now, the first condition is equivalent to 

ordp(n(l - n)p^) if p | i:>B 

otherwise. 



(5.2.3) m < 



^|ordp(n(l - n)p/N) 
For the second condition we let t be an element in Oq such that 
Oq = Op + Opt, e Op. 
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Then the second condition is equivalent to 

ax{t) - ay{t) = (mod g^-^Tr). 
Let jj, be an element in ^^(p) such that the following conditions hold: 
Ob{p) = + 0,/x, e Op 

pLX = xji for all X G Oq. 
Consider t as an element in R{p) via ax then ay{t) will have the form 

ay{t) = t{a + Pii), - = 1, 

where a G Op, P e Oq. Now the second condition is equivalent to the following: 
(5.2.4) a - 1 = (mod g^^Vr^), = (mod q'^-^irr^). 

By the definition of n, 

tv{ax{t)ay{t)) = 2f - At^n. 

Thus 

a - 1 = -2n, I3^n^ = 4n{n - 1) 
and (5.2.4) is equivalent to 

n = (mod g"*-Vi-^), n(l - n) = (mod (^"'-Vr^)^), 
or equivalently, 

m < ordq(tg/7r) + ordg(p) min |ordp(n), -ordp(n(n — 1))| 

< ordq(ig/7r) +ordq(p)^ordp(n). 

Thus the second condition is equivalent to 

{ordp(np) a p\Df 
^ordp(n) if p I 
iordp(np) otherwise. 

The lemma follows from (5.2.3), (5.2.5), and the fact that ordp(n) > if p is 
unramified in as n G N{p)c~^D^^ . □ 

Conversely if ai and a2 are two homomorphisms from Oe and Oc to 
End(2;), respectively, which have positive orientation, then by Proposition 
1.5.1, we can find objects [A,C] and [^',C"] which are canonical liftings of 
[yl'^jC"] with respect to ai and a2- This defines a component x for rj and a 
component y for r]^. Now for each z^, the level structure can be uniquely 
extended to level structure on [A, C] and [A', C'] so that we obtain some sec- 
tions Xi and Uj which intersect at Zk- It is easy to see that the number of Zk is 
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degTr/cj; where Cz = #[-R(p)^/0^]. Now the total intersection of {T],r]^)q at z 
is given by 

'^Q{z,c,n)m{n), 

n 

where g{z,c,n) is the number of i?(p)-conjugacy classes of pairs (^1,^2) as 
above with link number n. 

Write Qp{c,n) as the sum of Q{R(p),c,n) over all nonconjugatc orders 
R{p) of B{p) of type {N{p),E), where Q{R{p),c,n) is the number of R{p)- 
conjugacy classes of pairs {ai,a2) of homomorphisms from Oe and Oc to 
R{p) with the same orientation and link number n in N{p)c~^De~^- As in 
the archimedean case, 

z 

where s{p) is the number of prime factors of N{p) not dividing De- Then we 

obtain 

(5.2.6) (r/, 7/°)^ = tip(c) - tip(l), 

where 

np(c) = 2-^(^) ^ ^p(c,n)m(n), 

with m{n) given by formula (5.2.6). Here 2~^ appears in the formula because 
of the symmetry between n and 1 — n. 

Case 2. p|c. Write c = c'p* with s = ordp(c). Then 77° can be written 

as 

4=Y,x'{s)+ Y: (y' + y'is)) 

where x'{s) and y'{s) are sums of quasi-canonical liftings of the reductions of 
x' and y' of levels up to s. If a; is a section of rj then a component Xi of 7r*x 
has an intersection with a component a;'(s)j of 7r*(x'(s)) if and only if x = x' , 
and then (a;i,x'(s)^) = s. Similarly, a component Xi of 7r*a; has an intersection 
with a component y{s)^ of ir*y{s) if and only if Xi has an intersection with yj, 
and then {xi,y{s)j)q = s. It follows that 

{V,Vc)q = ^hi, 

if p is split in E, and that 

iV, Vc)q = + Up(c) - Up(l), 

if p is inert in where hi, /i2 are constants independent of c, and where 

«p(c) = 2-^(^) ^ ep(c',n')(s + m(n')). 
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In summary we have proved the following: 
Proposition 5.2.4. Assume that c is prime to NDe- 

1. If s{p) = 1, then 

iv,Vc)v = ordp(c)/ii 
where hi is a constant independent of c. 

2. Ife{p) = 0, then 

{V,Vc)v = Up(c) - 'Up(l), 

where Up is given by the formula 

«p = 2-^(^) X] Qp{c,n)m{n). 

neNc-'^DE~^ 

3. If s{p) = —1, then 

{v,Vc)v = ordp(c)/i2 + txp(c) - u^iOp) 

where h2 is a constant independent of c, and where Up is given by the 
formula 

upic) = 2-^(^) J2 ep{c',n'){oj:dp{c)+m{n% 

where d = cp~°^^<^^'^\ 
5.3. Clifford algebras. 

5.3.1. Determining the ramification type. Let A be a quaternion algebra 
over F with embeddings (pi and 02 from E into A. Let d be a nonzero element 
in such that y/—d G E, and denote 

ei = (pi{y^), 62 = 02(a/-^)- 
Let m e F^ be defined by 

6162 + 6261 = 2dm. 

Then m does not depend on the choice of d. We want to describe the places 
at which A is ramified in terms of m. 

Proposition 5.3.2. Let v be a place of F. The algebra A is ramified at 
V if and only if ev{rn^ — 1) = — 1. 

Proof. Let A'^ denote the vector space of trace elements in A. Then A*^ 
is ramified at a place of F if and only if A° (g) F^ has no nonzero element with 
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square 0. Now A*^ is a vector space over F generated by ei, 62 and 6162 — md 
and it is easy to check that for any x,y,z in Fy, 

[xei + ye2 + ^(6162 — md)]'^ = —dx^ + 2mdxy — dy^ + [rr? — l)d'^z'^. 

This form is hnearly equivalent to 

-dx'^ + {m? - l)y^ - z^. 

Thus A is ramified at v if and only if (m^ — 1) is not a norm from E^, or 
equivalently, e^iw? — 1) = — 1. □ 

5.3.3. Counting orders. Let c be a nonzero ideal of Oe prime to NDe ■ 
Let S denote the Oir-subalgcbra in A generated by (f)i{OE) and (j)2{Oc)- Then 
S is finite over Op M and only if m + 1 G 2c~^De~^- The discriminant of S is 

Ds = K - "^yDE^. 

Let i be an ideal of Op such that the following conditions are satisfied: 

1. oidy {tj is even if v is split in A and inert in E; 

2. ord^(£) is odd if v is ramified in A and inert in E\ 

3. ovAv{l) is if f is split in A and ramified in E\ 

4. ord^(^) is 1 if V is ramified in both A and E. 

In the following we want to compute the number of orders in A of type {t, E) 
containing S. The above conditions imply the existence of the orders in A 
of type {£,E). Indeed, conditions 1 and 2 imply that there is an ideal ^£ in 
Oe with norm i/D/^ where Da is the product of primes in F over which A is 
ramified. Let Oa be any maximal order of A containing 4>i{Oe)- Then 

is an order in A of type {£, E). Let q{S) denote the number of orders in A of 
discriminant I containing 5'. 

Proposition 5.3.4. Assume m + 1 G 2c~^De~^- There is an order of 
discriminant i containing S only if Ds is divisible by £. If £\Ds, then 

g{S) = r{Ds/i) ■ n 2. 

S„(m2-l)=l 

Proof. Since the correspondence O ^ O gives a bijcction between the set 
of orders of A and the orders of A, it follows that g{S) equals the product of 
the numbers 0v{S) of orders on A^ of type {£,E) containing Sy for all finite 
places V of F. Fix a finite place v = p. We want to compute gv{S) case by case. 
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Let W denote the ring 4'i{Oe,v) contained in S. Recall that the discriminant 
of S is Ds. 

If e{v) = — 1, or f is ramified in A, then there is a unique order in A„ 
of discriminant containing W. This order contains if and only if 

ord„(£) < oidy {Ds)- In other words, gv{S) = 1 if OTdi,{Ds) < ord^(^) and 
Qy{S) = if ord^(L>5) < ord^(^). 

If £{p) = 1 then W ~ Op as a ring. It follows that Sp is an Eichler order 
conjugate to an order of the form 



,ordp(£»s)g ^ 



a, b,c,d& Of- 




This order is contained in an order of the discriminant p™''^^^^^) if and only if 
ordp(^) < ovdLp{Ds)- If this is the case, then each order of A of the type (^, E) 
containing this order has the form 

iiu \ 

a, 6, c, d,&OA 

with < < ordp(Ds) - ordp(£). Hence Qp{S) = 1 + ordp(£>5/£). 

If £(p) = and p is not ramified on A, then S is generated by e\ and 62 
such that 

eie2 + 6261 = 2md 

and W is generated by ei, where e| = d. The correspondence / Endc)^(/) 
gives a bijection between the set of maximal orders of Ap containing W and 
the set of ideals in W modulo an equivalence relation: Ii ~ I2 if and only 
if Ii = I201 for an a G . We have two maximal orders Endop(VF) and 
Ende)p(VFei) corresponding to ideals W and We\. One of them must contain 
5, say the first one. We want to prove that the second one also contains 
S. It suffices to show that the second one contains 62, or in other words 
e2{Wei) C Wei. First of all, as C W and 

6162 + 6261 = 2md, 

we have 

e2iWei) C 2mdW + Wei. 

Secondly, as p\(Ds, De) with Dg = {m? — l)(i^Oir, we must have ordp(m) > 0. 
So ei\md at the place p. It follows that e2{Wei) C Wei. So we have proved 
that Qp{S) = 2. This completes the proof of the proposition. □ 



We will use Proposition 5.3.4 to compute the embeddings from S into 
orders of type (£, E) : 
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Proposition 5.3.5. Let Oi, . . . , Oh be a representing set of all conjugacy 
classes of orders in A of type {£, E) . Then 

j^^id^-.S^Oi (mod O*)} = 2*W^(5), 

where Of acts on the set of embeddings from S into Oi by conjugations, and 
t{£) is the number of finite places dividing I. 

Proof. The proof is almost exactly like the modular curve case treated by 
Gross, Kohnen, and Zagier [22]. We omit the details. □ 

5.4. The final formula. For each place w of F, let {r],ri^)w denote the 
total intersection over the places over w: 

(5.4.1) (r7,r?°)^ = ^(r/, 77°), logN(i;) 

v\w 

where the v are places of E, and log N(u) is set to be 2 if is a complex place. 
In this section we want to compute the local intersection 

(5.4.2) (7?,T(m)0r/)^ = ^ £(c)(7?, ,7^/,)^. 

c|m 

5.4.1. The archimedean case: Computation. By Proposition 5.1.9, for a 
place Tj, {r],T{m)^r])Ti is equal to 

(5.4.3) 2 Imj (f/„,.W - r(n,)UrUO.) + I'g"'"" ) 

where Uri^sinT-) is 

2-^^£(c) Yl Qn{m/c,n)Qs-i{l-2ri{n)) 

c\m n£Ncm~^Dj^~^ 
ri(n)<0 

= 2"' E E £{c)Qr,{m/c,n)Qs-i{l-2Ti{n)). 

neNm-^Dg;-^ c|m 

T^{n)<0 c\nmD^N-'^ 

Lemma 5.4.2. Let n G Nc~^De^^ be such that Ti{n) < 0. Then the 
following assertions hold: 

1. QTi{c,n) if and only if the following are satisfied: 

(a) 0<Tj{n) < Iforjj^i; 

(b) £p(n(n - 1)) = 1 for any p\De; 

(c) r(n(n - l)c^N~^) ^ 0. 
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2. Assume conditions (a) and (b). Then 

Qriic,n) = 2V(n(n - l)c^N-^)6{n) 
where S{n) = llp\{DE,np) 2- 

Proof. Let A and S* be a Clifford algebra and an order defined as in 5.3.1 
and 5.3.3 with m = 2n — 1. Then S has discriminant 

Ds = n{n-l)c^DE^. 

By 5.1.6, Propositions 5.3.5 and 5.3.4, Qnic^n) 7^ is equivalent to the 
following: 

• A is isomorphic to B{Ti), or equivalently by Proposition 5.3.2, 

e„(n(n - 1)) = -1 
if and only if v is ramified in B{Ti). 

• Ds is divisible hy £ = N, or equivalently n(n— 1)(?De'^N~^ is an integer. 

Recall that B{Ti) is ramified exactly at archimedean place Tj {j ^ i) and 
finite places p such that £p{N) = — 1. Thus these two conditions are equivalent 
to the conditions (a), (b), and (c) because of the following: 

• For an infinite place tj, 

erj{n{n - 1)) < <S=^ Tj{n{n - 1)) < 0; 

• {Ds,N) = 1 so that -B(ri) is unramified at all places dividing De; 

• r{n{n— l)c^N~^) 7^ if and only if n{n— 1)(?De'^N~^ is an integer and 

ep{n{n-l)c^DE^N-^) = 1 

for all finite place p\De- 

This proves the first assertion in the lemma. 

By assertion 1, the equality in assertion 2 follows if fp^-. (c, n) = 0. Oth- 
erwise, by Propositions 5.3.5 and 5.3.4, Qnic^n) = 2^q{S) and g{S) is given 

by 

r{Ds/i) ■ n 2. 

e^(m2-l)=l 

Now for any p \ De, condition (a) implies ep(m^ — 1) = 1, and p \ Ds is 
equivalent to ordp(n) > 0. Thus we have assertion 2. □ 
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Lemma 5.4.3. Let a and b be two nonzero ideals. Then 
H £(c)r(^) = r{a)r{b). 

c\{a,b) 

Proof. It is easy to reduce to the case where a = and 6 = p" both are 
powers of a prime ideal in Op- In this case the lemma is obvious. □ 

Applying Lemmas 5.4.2 and 5.4.3 to formula (5.4.3), we, therefore, obtain 
the following: 

Proposition 5.4.4. Let ti be an infinite place of F. Then in S/V^, 
(77, T{m)^ri)ri given by the limit as s ^ 1 of 

2 J2 d{n)r{ncN-y{{n-l)m)Qs-iil-2Ti{n)). 

neNm-'^DE~^ ,Ti{n)<0, 
0<Tj(n)<l,Vj^j 
£p(n(n-l))=l,Vp|DB 

Here in S/T>n, the limit makes sense, as the term 

(degry)^ deg T°(m) 
s{s - l)x 

is an element in Pjv as a function of m. 

5.4.5. The nonarchimedean case. Now let us treat the nonarchimedean 
case. Fix a prime p. To compute {r),T{m)^r])p, there are three cases: 

Case 1. e{p) = 1. By Proposition 5.2.3, 

(5.4.4) (r?,T(m)%)p = 2/iijp(m), 
where hi is a constant independent of m, and where 

(5.4.5) jp(m) = ^e(c)ordp(m/c)logN(p) = ^r(m)ordp(m) logN(p). 

c\m 

Case 2. e{p) =0. As m is prime to De, by 5.2.3, one has 

(5.4.6) (r?, T(m)°r?)p = {U^{m) - R{m)U^il)) log N(p). 
where 

C/p(m) = 2-^(p) Yl e{c)Qg,{m/c,n)m{n) 

neN{p)m.-'^DE~^ "^"^ 

c\nmDEN ^ 

where m{n) is as defined by formula (5.2.3). By the proof of Lemma 5.4.2 we 
have: 
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Lemma 5.4.6. Let n G N{p)c~^De~^ ■ Then the following assertions 

hold: 

1. gp{c,n) if and only if the following are satisfied 

(a) For all infinite places Ti, < Ti{n) < 1; 

(b) £p{n{n — 1)) = —1, and £q{n{n — 1)) = 1 for all q\DE, p, 

(c) r(ra(n - l)c^N-^) 7^ 0; 

2. // conditions (a) and (b) are satisfied then 

Qp{c,n) = 2<^'^5{n)r{n{n-l)c^N-^). 

Applying Lemmas 5.4.6 and 5.4.3, we see that Up{m) is equal to 

(5.4.7) ^ S{n)r{nmN~^ /p)r{{n — l)m)m{n) 

neNm-^DE~^ ,0<n<l 

ep(n(n-l))=-l 
£,(n(n-l))=l,Vp5^g|DB 

where the inequality < n < 1 means < Ti{n) < 1 for all r^. 
Case 3. e{p) = —1. Again by Proposition 5.2.3, 

(5.4.8) (r?, T{mfri)p = h2jp{m) + {Up{m) - R{m)Upil)) log N(p). 
Here ^2 is a constant independent of m, and 

(5.4.9) jp(m) = 2^£(c)ordp(m/c)logN(p) 

c\m 

= r(m)ordp(m) log N(p) + ordp{mp)r{m/p) log N(p), 
and Up{m) is equal to 

2i-(^)^s(c) Y: e.i^^ri) 

c\m n£m'-'^c'DE~^Np 

where m' = m' p~°^'^*'^'^^ and c' = cp~°'^^^^^\ Changing the order of sums and 
writing c = c'p*, we see that Up{m) is equal to 

2^-^^^) E E -(^')^.(^,rz) 

neNm'-'^DE~^p 
ordp(m) 

• ^ (-1)* [m(n) + ordp(m) - . 
The last two sums are independent. Let us evaluate them separately. 
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As in the other two case, we have the following lemma: 

Lemma 5.4.7. Let c be an integer prime to p and let n G Nc~^De~^P- 
Then the following two assertions hold: 

1. Qp{c,n) / 0, if and only if the following conditions are satisfied: 

(a) < n < 1; 

(b) ei{n{n - 1)) = 1, for all £\De; 

(c) r(n(n - l)c^N-^p-^) ^ 0. 

2. Moreover if conditions (a) and (b) are satisfied then 

Qg,{c,n) = 2'^<p^6{n)r{n{n - l)c^N-^p-^). 



Applying Lemmas 5.4.7 and 5.4.3, we obtain 



2-^(f) J2 e(c)^p(^, n) = r{nm'N-^/p)r{{n - l)m'). 



c| m' 



The second sum (in Case 3) can be evaluated directly: 

ordp(m) 

£ (-l)*[m(n)+ordp(m)-t] 
t=o 

m{n) + |ordp(m) if ordp(m) is even, 

|ordp(mp) if ordp(m) is odd. 
Thus Up{m) is equal to 

(5.4.10) r{nm'/N-'^p)r{{n-l)m')6{n) ■ 

0<n<l 
£e{n{n-l))=iye\DE 

m{n) + |ordp(m) if ordp(m) is even, 



\ ordp(mp) 
In summary we obtain the following: 



if ordf,(m) is odd. 



Proposition 5.4.8. Assume thate{p) = 1 if either ordp{N) > 1 or p \ 2. 
Then the local intersection {r],T(m)^r])p is given by the following formulas: 

1. If £{p) = 1 then {rj,T{m)^r])p (mod Pat) is equal to 

hir{m)oTdp{m) log N(p) 
where hi is a constant independent of m and p. 
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2. If s{p) = then {r],T{m)^r])p is equal to 

(t/p(m)-i?(m)C/p(l))logN(p) 
where Up{m) is equal to 

S{n)r{nm/Np)r{{n — l)m)ordp(np). 

n6m~^I?B~^iV(p),0<n<l 

ep(n(n-l))=-l 
£,(n(n-l))=l,Vp7^g|DB 

3. If s{p) = —1 i/ien (r/, T(m)'^77)p «s eg^uaZ to 

/i2r(m)ordp(m) logN(p) + /i2ordp (mp)r(rn/p) logN(p) 

+ (C/p(m)-C/p(l))logN(p) 

where /i2 «.s a constant independent ofm,p, and Up{m) is equal to 

J2 r{n'm'N-^/p)r{{n' - l)m')6{n') 

n'em'-^DE-^N{p) 
0<n'<l 
£e{n'{n'-l))=l,\/e\DE 

^OTdp{n'pm) i/ordp(m) is even, 



ordp(mp) 



?/ordp(m) is oc/c/. 



Proof. All these statements follow from formulas (5.4.4)-(5.4.10) and Lemma 
5.2.3, with the fact that in the case e{p) = —1, the term for an n' in (5.4.10) 
has nonzero contribution only if ordp(n'A?^(p)) is even. Thus 



m{n') 



-ordp(n'p) 



even when ordp(iV) is odd. 



□ 



6. Derivatives of L-series 

In this section, we will compute L'^if, s) using the method of Gross and 
Zagier shown in [21]. We will start with a formula which expresses LE^f, 1/2 
+ s) as an inner product of / with a nonholomorphic form $5(2:). Then we 
compute the Fourier expansion for ^s{z) and get a formula for some multiple $ 
of ^ ^^^<I>s(z). Finally the holomorphic projection of $ gives a holomorphic 
form $ with Fourier coefficients given explicitly. 
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6.1. The Rankin- Selberg method. Let / be a new form for Kq{N) and let 
E be an imaginary quadratic extension of F as before. Then the base change 
L-function of f to E is defined to be Le{s, f) = L{s, f)L{s, e, f) where e is the 
character attached to E/F. See Section 3.4 for definitions. For any nonzero 
ideal m let r(m) denote the number of integral ideals in Oe with the norm m. 
Using Proposition 3.1.4, one shows that 

(6.1.1) Le(/,s) = L'^(2s-l,£) a{m)r{m)N{m)-' 
where L^{s,£) denotes the series 

e(m)N(m)"^ 

meNp 

where De is the conductor of e. In other words, LE{f,s) is essentially the 
Rankin-Selberg convolution of L{s,f) with Ce{s). We want to express this 
convolution as an inner product of / with a modular form. We will construct 
such a form using the Eisenstein series defined in Section 3.5. 

6.1.1. Le(/, s) as an inner product of f with some other form. We need 
to define a Haar measure on Z(Af)\G{Af). Let dk = fS>dk^ be the Haar 
measure on Kq{1) with volume 1 on each component. Recall that dx = i^dx^ 
is defined in 3.1.1 to be a measure on Aj? such that dxy is the usual Euclidean 
measure if v is infinite, and that has volume 1 if v is finite. Also recall that 
d^x = f^id^Xv is defined in the proof of 3.4.2 to be a Haar measure on such 
that d^Xy = \dxv/x^\ if v is infinite, and that has volume 1 if is finite. 
Now dg on G{Af) is defined by the formula 

/ m<i9-!,! ! fill ':)^)dM/-^. 

For any two function / and g on Z {Af)G{F)\G{Af) the integral fg (if it is 
absolutely convergent) is denoted as if,g). 

Let Eg be the Eisenstein series defined in 3.5.1 with x = £ associated to 
the extension E/F. Let Eg^N be an Eisenstein series defined by the formula 

(6.1.2) J ;^)) 

where ttjv is an idele with components 1 at places not dividing N and such 
that ttn generates N. Then Eg^N is a form of level Kq{DeN). 

Proposition 6.1.2. Let f be a new cusp form of weight 2, for Kq{N) a 
trivial central character. Then 



{f,E,/2Eg,N) = A{s)Le{s + 1/2, f) 
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where 

-ns+mv ,s+i/2,s ,-1/2, 



A{s) 



where ix{NDe) is the volume of KQ{NDE)■ 
Proof. For each factor e of A^, let be the Eisenstein series defined in 
the same way as Eg in 3.5.1 with factor L(2s,£) replaced by L'^{2s,e) and with 
Hs replaced by the following Hg-. 



Ht{g) 



\^\" e{akr{0)) if k e Ko{DEe) 
otherwise. 



For Re(s) > 1, Eg{g) is absolutely convergent and defines a (nonholomorphic) 
form for K(){DEe) of (parallel) weight 1 with character e. If e = Of, E^ = Eg. 

Lemma 6.1.3. Let f be a cusp form of weight 2 for Kq{NDe) with 
trivial central character. Let 9 be the theta series with Fourier coefficients 
r(m) defined as in 3.4.5. Then 

-T{s + 1/2)Y 



{f,eE^) = fi{NDE)d'F^' 



Le{s + 1/2, f). 



(47r)^+V2 

Proof. By definition of E^ , up to a factor L{2s,e), (/, 9E^) is given by 



Jz{Af)B(F)\G{Ap) 



fOHfdg 



A; I dkdx-r-T-, 



where A^_|_ denote ideles with positive components at the infinite places. By 
definition of , the inner integral over K is 

f^{NDE)m(^(^l 1 
Using Fourier expansions of / and 9 in (3.1.3) and Proposition 3.1.2, 



Af/F 



7V2| 



= dj \yf/^£{y) a{ayfDF)r{ayfDF)il^{2ayooi), 

where a(m) are the Fourier coefficients of / as defined in Proposition 3.1.2. 
Combining these, {f,9Ef) up to a factor L(2s,e), is equal to 

li{NDE)d^J^^ I a{yfDF)r{yfDF)^{2y^i)d'' y. 
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This integral is the product of the integrals over infinite ideles ni;|oo ^v,+ 
over finite ideles . The integral over infinite ideles gives 

T(s + 1/2) 1^ 
. (47r)^+V2 _ 

while the integral over the finite ideles gives 



,s+i/2 a{m)r{m) 
^ ^N(m)^+V2- 



m 



The lemma follows from (6.1.1). 



□ 



The next lemma gives a comparison between Eg and Eg^n- 



LEMMA 6.1.4. Eg,^ = d%Y: ^^f/"- 



a|Ar 



N(a) 



Proof. Let Hg^N be the function on G{Ay) defined in the same way as 



■s,N- 



Hs,n{9) = Hgig 



1 



TTN J J 

It suffices to prove the corresponding statement for Hg^N on Kq{1): 

e{a) L^/°(2.,£) .y/. 



We do this by testing their values on elements k 



a b 
c d 



of K^, for finite 



places V not dividing D^- Now we have the decomposition: 



if A''|c, and 



1 
vrjv 



1 

TTiV 



if c|^. It follows that 



\{ad — he) hiTN 

dTTjV 



c 



1 



Hs,N (k) 



\nN\~' ifA^lc 
£ (^) ^ * if c|^. 

Let pv be the prime ideal of Op corresponding to ti. By definition of Hg, 

1 if ord^(Ar) =ord„(e) 



Htik)-Hr{k) 



otherwise. 
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It follows that 



l<i<ord„(Ar) 
0<i<ord4JV) -^l^^'^J 



Now go back to the proof of Proposition 6.1.2. By Proposition 3.5.4, 

-£'1/2 ~ \ ^ 

By the two lemmas above, the proof of the proposition is reduced to showing 
that 

{f,E^,^El) = Q 

for any factor e ^ N oi N. 

Let ti£)^ be the trace operator from the space of cusp forms of level 
Kq{NDe) to Kq{N): for any form (j) of level DeN, 

(6.1.3) {t.D,4>){9)= E ^^91)- 

7eKo{N)/Ko{NDE} 

Then 

if,Ey2Et) = [KoiN) : Ko{NDE)]-'if,trDAEy,Et). 

As representatives of Kq{N) / Kq{N De) will also serve as representatives for 
Ko(e)/KQ{eDE) for any elA'", trj:)^(£Ji/2-^|) is a form of level -K'o(e)- Thus it 
is orthogonal to / as / is a newform. □ 

6.1.5 Definition of^g- We define 

(6.1.4) M9) = trz.. E N(e)-V2$e 

\ e\DE 

Here, for e a divisor of D^, 

(6.1) ^tig) = {Ei/2Es,N){91e) 

where 7e is an element of GL2(Ai^) which has components 1 at places not 

dividing e and at a place v dividing e it has the component ( ^ ^ ] 

where TTy is normalized such that e(7r^) = 1, and where tr^^ is as defined in 
(6.1.3). It is easy to check that $5 is a form of weight 1 for Ko{N) with trivial 
character. 
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Corollary 6.1.6. Let f he a newform of weight 2 for Kq{N) with trivial 
central character. Then 

{f,^s) = B{s)LE{f, 1/2 + s) 

where 



B{s) = 



T{s + 1/2) 
2(47r)^-V2 



Proof. Fix any factor e of De. Write f^ for the form g f{gje Then 
again is a form of level Ko{N). By definition, (/, $|) is equal to 

[Ko{N) : Ko{NDE)]{f^,Ey2Es,N). 
By Proposition 6.1.2, this is 

A{s)[Ko{N) : Ko{NDe)]Le{s + 1/2, T). 

As 

O)' 

if / has the Fourier coefficients a{m) then will have the Fourier coefficients 

a{f^,m) = N(e)a(m/e). 

It follows that 

LE{r,s) = Niey-'LE{f,s). 
The proposition follows. □ 
6.2. Fourier coefficients. 

6.2.1. Strategy. In this section we want to compute the Fourier coefficients 
Cs{a,y) {a G F) for $s defined by (6.1.4), where 



(6.2.1) ^ 



tp{—ax)dx. 



It suffices to compute Cs{a, y) for a = or 1, as for a G F^ , 

Cs{a,y) = Cs{l,ay). 
We proceed with the following steps: 

1. Compute the Fourier coefficients Cg{a,y) for Es{gje). This will give the 
Fourier coefficients for ^l{g) defined by (6.1.5). 
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2. For a factor g of De and an integral adele a which is at places not di- 
viding g, let 7g,a denote the element in GL2 (A) which has the component 

1 at places v not dividing g, otherwise it is given by ( '^'^ 0^ ) ' "^^^^^ 



lg,a 



g\DE, a (mod 3) I 



forms a set of representatives for Kq{N) / Kq{DeN). Compute the Fourier 
coefficients Cs'^(a, y) for 



(6.2.2) 



a (mod g) 



3. Compute the Fourier coefficients of $s using the following expression: 
(6.2.3) ^ 2-#{''^''l-^^> N(e)"-^/2^^,9^ 

Lemma 6.2.2. The Fourier coefficient c%{a, y) of Es{g^e) is zero ifayDp 
is nonintegral. Otherwise, it is given by the following expressions: 



r e{y)L{2s,e)\y\' 



ii^VM'L{^s-l,e)\y\'-^ ife = DE 



ife=l 
ife = D 

otherwise. 



c^(l,y) = ^^=^N(e)V2-V,(y)|y|i-^ H |y„7r„|2-y-j/,)K(i;), 



VdpdE 



v\DE/e 



where 



-^(y) = n i-e(.„)K.p^-i • n ^^(y^)' 



and for y G M, 



Vsiy) 



-2'n-iyx 



-00 (x2 + l)«-V2(x + z 



v\oo 



■dx. 



Proof. The case e = 1 was covered in Proposition 3.5.2. So we assume 
e 7^ 1 in the following. Again by Bruhat decomposition, c^{a,y) is equal to 

L{2s,e)d-p^'^ /F^' (( 1 ) V'(-ax)o?x 



+ L{2s,e)dp'''^ / H, 



w 



y X 
1 



7e ip{—ax)dx. 
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Let V be a place dividing e, then ( ^ I j component 

f Vv \ f ~^ \ = ( y-" ^^^^ \ ( ^ ~^ \ 

I 1 [ TTy ] " I TT^ ] I 1 ] ■ 



It follows that 



and that c^{a,y) is given by 

L(2s,£)d-'/'^ Hs (^w ^ j}j ^{-ax)dx 

= L{2s,e)dp^'^\y\'-'Y[^s{oi^yv)-^V^{oivyv), 

where Vg is as defined in the proof of Proposition 3.5.2, and Vg is given by the 
formula 

vM)^j H.Ul 



Now 



/ 1 X \ / -1 \ / -7r„ 

w 



OI/Itt^ / \ X7r„ — 1 



has the decomposition 



if ord^(a;) > 0, and 



-7r„ W 1 



-X ^ TTy 



\ -XTTy J \-l X-^TT-l J ' 

if ord^(x) < 0. It follows that 

— 7r„ \ \ _ J Ki.|^ei;(~l) ifordt,(x) > 0, 



Hs 



XTTy —111 10 otherwise, 



and 

(-1) iford^(2/) >0, 



v:{y) 



otherwise. 



s 



Now the lemma follows easily from this formula and the formulas for 
derived in the proof of Proposition 3.5.2. □ 
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Lemma 6.2.3. The Fourier coefficient c'g'^{a,y) (a = 0, 1) of is zero 
if ay Dp is nonintegral. Otherwise, it is given by 

cl'3{a,y) = N(5)£(7V) ^ cf/|(a - n, Tr^yjcmn, vr^y/vr^) 

neF 

where e* g denotes eg/(e,g)'^. 
Proof By definition, 

Prom the following decomposition at any place v dividing g, 
I a„ —1 \ 1 I TTy tty \ I ~1 \ 



7r„ 



1 \ TTy 



we see that 



It follows that 



y X \ I ( TTgy ay + x \ 

1 r^ = vA 1 r^- 



Thus the Fourier coefficients of are given by 

a (mod g) 

or in other words, Cg'^{a,y) is nonzero only if ay is integral at places dividing 
g. In this case it is given by 

cl'3{a,y) = N{g)aT^a,7Tgy) 

where al{a,y) is the Fourier coefficient of which can be expressed as 



a^(Q,y) = e{N) ^ Cy^i^ - n,y)cl^{n,y/TTN)- □ 

Proposition 6.2.4. The Fourier coefficient Cs{a,y) {a = 0,1) of is 
nonzero only if ay Dp is integral. In this case it is given by 

dEdp 

where a^{a,y) is as given by the following formulas if it is nonzero. 
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1. // n / and n a, then a^(a,y) ^ only if nyDEDpN'^ is integral. 
In this case a^{a,y) is equal to 

\yf''-'5{ny) J] ^ + l^^^^^^l''"'^^^^^ ~ "^^^ 

v\De ^ 

•cri/2((a - n)y)as{ny/7rN), 
where for an idele y, 5{y) = 2*^''\^E,ord.{y)>o} _ 

2. //n = 0, a = 1, then a^{a,y) is equal to 

^i/2(y)4^'4^'4'-'£(iV)z^L(2s,£)|y|V2+- 

+ ay2iy)Vsi0yLi2s-l,E)\yf/^-\ 

3. If n = a = 0, then ag{a,y) is equal to 

e{N)dFdEd^j^-^L{l, e)L{2s, e)\y\^/''+' 

+ V^i/2(0)K(0)L(0,e)L(2s - l,e)\y\^/^-' . 

4. If n = 1, a = I, then a^{a,y) is equal to 

•a,(y/vr^)|y|3/2-.^ 
where e^'^{y) denotes e{y) IIv\De ^viv)- 
Proof. By formula (6.2.3), Cs(a,y) is equal to 



where a^{a,y) is equal to 

(6.2.4) rf^rf^d^ ^ EN(g)N(e)-V^c-;|(a - n,n,y)cT^{n,n,y/^M). 

^ ' e,9 

Case 1. n 0, a. If a"(Q, y) / 0, one must have 

ord„(nj/7r^) > for each v \ De. 

Assume this is the case and let go be the factor of De consisting of places v 
such that {nvyyTTyl = 1. Then 

cl*l{a - n,TTgy)cf^{n,iTgy/'KN) 7^ 
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only if golg and in this case by Lemma 6.2.2, it equals 

^^|7r,y|3/2-Vi/2((« - n)2/)a,(ny/7riv)N(5 * e)^^-^ 
Yi \nvyv'n-g,vT^vf^~^£v{{ct-n)n). 

v\DE/{g*e) 

It follows that a" (a,?/) is equal to 

|y|3/2-. 

(6.2.5) (5(1) ^i/2i{o: -n)y)crs{ny/7rN) 

■ N(r7^P^^-V2 11 n)n). 

ao\3\DE > v\DE/{g*e) 

Notice that 

rr 1^ |2 1 



Now the last sum is 



soIsPb v\DE/(g*e) 

e\DE 

When e is exchanged for (DE/e) * g, this sum equals 

^i^/go) n [l + |?^i)2/i)7rt,|^''"^e^((a - n)n) . 

v\De 

Bringing this to (6.2.4), we obtain the formula for ag{a,y) in the proposition. 

Case 2. n = 0, a = 1. In this case, a^(l,y) is equal to 
d,-d^_^ ^ N(5)V2+^ci/,(l, ^,y)cl{0, n.y/nj,) 



S{1) 



9 



+ 



^ E 4"'^'N(5)^/^-cf/- (1, 7r,y)cf - (0, ^.y^. 



The formula in the proposition follows, as c]^y2(l! %y)Cs(0' '^gy/'^N) is equal to 

^5Mfav2(y)L(2.,e)|y7r,|V2+^e^-(2/) 
and c^2(l)%2/)cf^(0,7rp?//7rjv) is equal to 



d 



4^'"V,(0)Vv2(y)i(2s - l,£)|y7r,|3/2-^ 



dsdp 

where £^^(2/) denotes £(y) U.v\De ^-"iv) which equals 1 if 0-1/2(2/) 7^ 0- 
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Case 3. n = a = 0. In this case, a°(l, y) is equal to 

+ ^^H^ E 4-'/'N(5)^/^-^cf - (0, vr,y)cf- (0, n^y/n^). 

The formula in the proposition follows, as c]^/2(^' '^9y)^s{^j t^qV/t^n) is equal to 

eiN)d%Lil,e)L{2s,e)\7rgy\'/^+' 
while c^2(0) %y)cf'^(0, TTpy/TTAr) is equal to 

^d^^V-i/2(0)K(0)L(0,£)L(2s - l,£)|y|3/'-^ 



Case 4. n = a = 1. This case can be treated similarly. We have 0^(1, y) 
equal to 



9 

JS-1 



+ ^^^^ E 4"'^'N(5)^/^-^cf/- (0, .r,5)cf - (1, n,y/.^), 
where cjy2(0j ^92//'^iv) is equal to 



and c^2(0)%2/)cf^^(l5 7rgy/7rjv) is equal to 



6.3. Functional equations and derivatives. 

Proposition 6.3.1. The Fourier coefficient cf(a, y) of E{g^e) has the 
following functional equation: 

clia,y) := (d^^deder [r(s + l/2)7rV2-]' (a, y) 

= ^'eiy) [J e.(-l)cff/^(«, y)- 
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Proof. If a = 1, then by Lemma 6.2.2, up to a factor independent of s 
and e, c^(l,y) is given by 



1 - e{yv5v'Ky)\yy5v'Ky 
l-£(7r^)|7r^p--i 



2s-l 



• n [r(s + l/2)7r^/2-. 

v\'x> 



v\e 



1/2- 



n \y^'^' 



£{-yv)K'{v)- 



v\DE/e 



By Proposition 3.3 in [20, p. 278], with A; = 1, Vs{t) {t / 0) has a functional 
equation 

V:{t) := (7r|t|)V2-r(s + l/2)y,(t) = sgn(t)F;_,(t). 

(Notice that Vs as defined in Lemma 6.2.2 is Kj-|-i/2 in [20].) Thus the functional 
equation in the lemma follows from the local equations and the equality 

Jl K{v)=i<^£{DF). 

v\De 

Now wc want to treat the case where a = 0. By Lemma 6.2.2, we need 
only consider the case where e = lore = D£;. Recall that L{s,e) has a 
functional equation: 

L* {s, e) := {dEdpY''' [t{s/2 + l/2)7rV2- ^2 j a ^^^^ 
= L*{l-s,e). 

(This can be proved by using functional equations for both Qe and C,f and the 
identity C,e{s) = L{s.,£)C,f{s) ) Thus Cg(0, y) is equal to 

(6.3.1) {dFdEy-^/^ \r{s + l/2y/^-'^Y L{2s,e)e{y)\yY 

= {dFdEr'^'L*(2s,e)e(y)\y\' = {dFdE)-'/^L*(l - 2s,8)siy)\y\'. 

On the other hand, by Proposition (3.3) in [20, p. 277], 

Vs{0) = -7r?22-^^r(2s-l)/r(s-l/2)r(s + l/2) 
= -z7rV2r(s)/r(s + 1/2). 
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Thus cf-E (0, y) is equal to 

idFdly-^/^ \r{s + l/2)7rV2- 



Vs{0yL{2s-l,s)\y\ 



l-s 



= {dFdEy-^ [iTr^-'T{s)y L{2s-l,s)\y\^-' 
= i3{dFdET^''^L*{2s-l,e). 

Combining this with (6.3.1), we have shown 

?f_",(0,2/)=i%(y)H](0,y). 

Thus, the lemma is proved in this case. 



□ 



Corollary 6.3.2. The function $s satisfies the following functional 
equation: 

9 



:= (dj.dE)^-V2 ^r(s + l/2)7rV2-^ 



Proof. We need only prove the following functional equation for defined 
in (6.1.4): 



:= {dFdEHe)y^^'^\^{s + 1/2)1x^1^-' 
= {-iye{N)^l^l,. 



As both sides are modular forms for Kq{NDe) with trivial character, it suffices 
to check the functional equation for its Fourier coefficients. But this follows 
from Lemma 6.3.1, as the Fourier coefficients of are expressed in the form 



a^(a,y) = £{N) ^ clj^io. - n,y)cl^^{n,y/T:N) 



□ 



Theorem 6.3.3. The function Le{s, /) satisfies the following functional 
equation: 

L*{s,f) := {dUEdNy~'[ns)i2Try-'f' LE{s,f) 

= {-iye{N)L%{2-s,f). 



Proof. This follows from Corollaries 6.3.2 and 6.1.6. 



□ 
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Proposition 6.3.4. Assume that e{N) = Then $1/2 = and 

the Fourier coefficient d (a, y) [a = 0, 1) of 

ds s=l/2 

is nonzero only if ay Dp is integral. In this case it is given by 

dEdp 

where b"'{a,y) is give by the following formulas if it is nonzero: 

1. //n 7^ and n ^ a, then b^{a,y) / only if nyDEDpN~^ is integral 
and {a — n)y is totally positive. In this case b^{a,y) is equal to 

{-AiTy\y\il){iay^)5{ny)r{{a - n)yDF) b'i^a, y) 

V 

where v runs through all places of F, 5{y) = 2#^*'l'^^'°''*^''(2/)>o}^ 
given by the following formulas: 

(a) If V is an infinite place, then b^{a,y) is nonzero only if 

• ny is negative at place v and positive at other infinite places, 

• ep{{n — a)n) = 1 for every place p of De. 
In this case, b^{a,y) is equal to 

r{nyDF/N)q{AiT\nyv\) 

where 

q{t) = / e--*-, {t > 0). 

(b) If V is a finite place ramified in E, then b'^{a,y) is nonzero only if 

• ny is totally positive, 

• e„((n — a)n) = —1 but £p({n — Q)n) = 1 for every place p of 
De- 

In this case, by{a,y) is equal to 

-r{nyDF/N) log \nvyvT^vhN,v\- 

(c) If V is a finite place inert in E, then b^{a, y) ^ only if 

• ny is totally positive, 

• £p{{n — a)n) = 1 for every place p of De, 

• OTdv{nyDF/N) is odd. 
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In this case, 6"(a,y) is equal to 

-rinyDp/iNp^)) log \n^yvDF,vPv\ 
where p„ is the prime corresponding to v. 
(d) If V is a finite place split in E, then b'!^{a,y) = 0. 

2. If n = 0, a = 1, then b'^(a,y) is nonzero only if y is totally positive. In 
this case, it is equal to 

r{yDF)ii{iyoo)\y\{ci + C2 log 
where ci and C2 are constants. 

3. If n = a = 0, then h'^{a,y) is equal to 

|y|(c3 + C4log|y|) 
where C3 and C4 are constants. 

4. If n = 1, a = 1, then h'^(a,y) is equal to 

|y|V'(%oo) [cbriyDp/N) log IttdeVDeI + cer^yDp/N)] 

where C5,cq are constants, and for a nonzero integral ideal m, 

r'{m) = e{n) logN(n). 

n\m 

Proof. The vanishing of $s at 1/2 follows from Theorem 6.3.3. To com- 
pute the Fourier coefficients of we use formulas in Proposition 6.2.4 with 



6"(a,y) = ^a^(a,y) 



s=l/2 



Notice that a" vanishes at s = 1/2. This can be checked from its expression, 
or from formula (6.2.4) and Proposition 6.3.1. 

The case where n ^ 0, n ^ a. In this case, a" is a product of 

y^/'^-'6iny)ai/2i{a - n)y) • n<^("'yA^) 

V 

where v runs through the set of all places of F, and 

l+£((w-a)n)Jw„j/„7r„P^-^ if v\De 

ag^{a,y) = { F^(n„y„) if v \ 00 

otherwise. 
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If ¥''{a,y) / 0, then (Ti/2((q^ ~ / a-^d one and only one factor of Ug^v 
vanishes at s = ^. If this is the case, then 

o"i/2((« - n)y) = r{{a - n)yDF) J| Vi/2{{ay - ny)yv)- 

v\oo 

By Proposition 3.3 in [20, p. 278], we know that Vi/2{t) for f G M, is given by 



if t < 

-27rie-2'r* ift>0. 



Thus, if 6"(a, y) ^ 0, then {a—n)y must be totally positive and r{{a—n)y) ^ 0. 
In this case 6" has the expression in the proposition with 6"(a,y) equal to 

d 

ilj{-inyoc)^<^{a,y) ■ n<,i/2("'y)- 



s=l/2 



The proposition in this case can be checked case by case. Notice that when v 
is archimedean, we have used the identity 

in Proposition 3.3 in [20]. 

The cases where n = or n = a. These cases can be verified from the 
expressions in Proposition 6.2.4. □ 

The same proof will also give the following: 

Proposition 6.3.5. Assume that e{N) = (-1)^. Then the Fourier 
coefficient ci/2{o!,y) {a = 0, 1) o/$i/2 is nonzero only if ay Dp is integral. In 
this case it is given by 

ci/2(a,y) = ^^"f «i/2(«>y) 
dEdp 

where a^i2{oL,y) is given by the following formulas if it is nonzero: 

1. If n ^ and n ^ a, then a^^^i^^^y) only if the following holds: 

(a) nyDEDpN^^ is integral, 

(b) both (a — n)y and ny are totally positive, 

(c) £y{n{n — 1)) = 1 for all v \ De- 

In this case d^i2{oi,y) is equal to 

{-A-K^Y\y\5{ny)r{{a - n)yDF)r{nyDF /N)'^{iayoo) 
where for an idele y, 5{y) = 2#{''l-°^5'°'^d.(j/)>o} 
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2. If n = 0, a = 1, then dlj^ici-iy) is equal to 

oo J 



where c\ is a constant independent of y. 



3. If n = a = 0, then a^,2{a,y) is equal to 



C2\y 



where C2 is a constant independent of y. 



4. If n = 1, a = 1, then a'y^ia-, y) is equal to 

Czr{yDF/N)\y\'4){iy^) 



where C3 is a constant independent of y. 
6.4. Holomorphic projections. 

6.4.1. Asymptotic formula for near cusps. Assume that £{N) = 
(— 1)^"^. The form ^' defined m Proposition 6.3.4 is not holomorphic. We 
want to find a holomorphic projection $ which is a holomorpliic cusp form for 
Kq{N) and has the property that for any newform /, / has the same scalar 
product with both $ and 

As in the case F = Q treated by Gross and Zagier [20, Chap. IV, §6], 
satisfies the growth condition 



for each g G GL{Af). By Proposition 6.3.4, the asymptotic formula (6.4.1) is 
true for g = 1, and 



where C3 and C4 are constants independent of g as defined in Proposition 6.3.4. 
For any e\N, let ge denote an element in GL2(Air) which has components 



dividing N. Using the same method, we may compute the Fourier coefficients 
of ^'(gge) and will obtain the formula similar to (6.4.1). As GL2(Aj7) is a union 
of the form B(A)g(,KQ(N), formula (6.4.1) is true for every g G GL2(Ai?). 

We have to subtract some Eisenstein series to make ag = bg = for every 
g G GL2(Ai?). Let £'2,5(5) be the Eisenstein series constructed in 3.5.1 with 



(6.4.1) 
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/c = 2, X = 1, and N = 1. Then £^2,5(5) is perpendicular to all holomorphic 
cusp forms. Proposition 3.5.2 implies the following asymptotic formula: 

(6.4.2) ^2,s((^ ^ jj=CF(2.)|2/r + c(.)|y|i-^ + 0(l) 

as y — ^ 00, where c(s) and 0(1) are holomorphic in s near s = 1. Define by 
continuation 

E{g) = E2,s{9)\s=i and F{g) = ^ E2,s{g). 

OS s=i 

For each e | iV, let hf. be an element of GL2{^f) which has components 

(I \ 

1 at places not dividing and has components ord„(e) at places v 

y TTj; j 

dividing N . 

Lemma 6.4.2. There are some pairs of numbers (ae,/?e) (e | such 
that the form 

^g) := ^'{g) - ^ [a^F (ghe) + PeE (ghe)] 

e 

has the same holomorphic projection as and $ satisfies the bound 

as y ^ oo, for every g G GL2(Ai^). 

Proof. We need only find (ccej /?e)'s so that the equation in the lemma holds 

for g = gfs, as G'L2{^f) is a union of B{Kp)^eKQ{N). Now ' 







has the decomposition at a place v of A^: 



1 j 9fhe 



vr-- / I Tr!?"-"^" 1 ; if ri^>m^ 



I) 



where = ord^(e), = ord^(/). Thus (6.4.2) implies 

E2,s ^ l^gfh)j=CN{e,f)%F{2s)W + c{s)CN{ejf-'\y\^-' + 0{l) 
where CN{eJ) = N(e,/)VN(e). It follows that, 

^((o l)^/^^) = CH2)CAr(e,/)|y| + 0(l), 

^(( 1 j^^M " CF(2)CAr(e,/)|y|log|y| + 0(log|y|). 
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Now the asymptotic formula in the lemma is equivalent to 
^«eCiv(e,/) = CF(2)-'a,,, 

e|iV 
e\N 

for all / I N, where Ugj, and bgj, are constants in (6.4.1). Thus it suffices to 
show that the matrix Cat = (CAr(e, f))e.f\N is invertible. It is easy to see that 
Cn is multiplicative for coprime A^'s in the sense of tensor products. Thus it 
suffices to prove that Cat is invertible for = p" to be a power of a prime. 
In this case, Cpn has determinant ib(N(p)^ — 1)". This completes the proof of 
the lemma. □ 



Lemma 6.4.3. Let cp be a form which has growth 0{y^ ^) near each cusp. 

y 

1 



Let c{y) denote the Whittaker function at \ \ of 



civ) = dp^'^ I ( ( ! ! ) ) i^{-x)dx. 



IAf/F W 1 

Then the Fourier coefficient of the holomorphic projection (f) of (jf is given by 
a{m) = {A-kY lini / \t\~^c{tyoo)tp{iyoo)\y<xY~'^dy^ 

where t is a generator of mDp^ in . 

Proof. For m a nonzero ideal of C^, let Pm,s{g) be the m*^ Poincare series 
defined by 

PmAa) = Hmiig) 
7eZ(F)[/(F)\GL2(F) 

( I x\ 

where U denotes the algebraic group of matrices ( q j ^'^^ ^m,s denotes 
a function on Z{Kf)\G{Kf) such that for y G A^, x G A^, r{0)k G K, 

if Z/oo > 0, A; G Kq{N), and yfDp = m; otherwise, it is zero. Then the 
Petersson product {(f), Pm,s) is equal to 
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/ 4'Pm sdg = / 't'Hm sdg 

Jz{Ap)G{F)\G{Af) ' JZ{AF)UiF)\G{AF) 



fi{N) f f f cpiil":]] \yr'^{-x + iy^)dxd><y 
ti{N)d]l' I [ c{y)^{iy^)\yr'dXy. 



Thus wc have 



(6.4.3) {<p,P^,s) = \tr^f^{N)d]l^ f c{ty^miy^)\y^r^dy. 

If we replace by with the Whittaker function 

c(y) = \y\a{yfDF)tlj{iyoc), 

then 

T(s 



1/2 ' ^ 



{An) 



a{m). 



(6.4.4) (0,P^,,) = |t|V(7V)4/- 

As Pm = linis^o Pm,s is a holomorphic form, 

(6.4.5) (0,P„) = (0,P„). 

The lemma follows from (6.4.3)-(6.4.5). □ 
We want to apply this lemma to 

Lemma 6.4.4. Let a{m) be the Fourier coefficient of the holomorphic 
projection of Then for m prime to NDe, 



a(m) (mod Dat) = (47r)^ lini / \t\ ^c'(l, iyoo)V'(«yoo)|yoo|^ "^dy^o 

where t is a generator of fhDp^ in . 

Proof. Let a(y), b{y), and c(y) be Fourier coefficients of E{g), F{g), and 
$(5); then 

c{y) = c'{l,y) - aia{y) - (3ib{y) 

where c'(l,y) is the Whittaker function of and Q;i,/?i are constants as in 
Lemma 6.4.2. By Lemma 6.4.3, a{m) is equal to 

(6.4.6) (47r)Mim / \t\-^c' {l,ty)ip{iy^)\y\'-^dy - aic,{m) - PMm) 

s-»Oy(R+)s 
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where 

hs{m) = {A-Kf [ \t\-^b{ty)^ljiiyoo)\yoc\'~^dyoo 

J{R+)9 

and 

Cs(m) = (47r)^ / \t\''^c{tyoo)ipiiyoo)\yoo\^~'^dyoo- 

J{R+)9 

Write (Ts{m) = J2a\rn ^{O'Y and a'(m) = -§- asim). One can show from 
the Fourier expansion of £^2,s that 

hs{m) = kiai{m) + o(s — 1), 

and 

Cs{m) = k2(Ti{m) + k^a'im) H + ^5 + o{s - 1). 

s — 1 

Here the fcj's are constants independent of m. Thus Cs{m), bs{m) only con- 
tribute elements in Pjv in (6.4.6). The lemma follows. □ 

Applying the formula for Fourier coefficients of we obtain the following: 

Proposition 6.4.5. Let a{m) be the Fourier coefficients for the holo- 
morphic projection $ of Then for m prime to NDe, 

a{m) (mod Vn) = , , V a^(m) 

where N(v) = 1 if v is archimedean and a^(m) is given by the following for- 
mulas: 

1. If v\oo, then av{m) is equal to the constant term in the Taylor expansion 
in s — 1 of 

^ S{n)r{{l - n)m)r{nmDE/N)ps{\nv\) 

e^{n{n-l))=Viw\DE 

where the sum is over the set of places of F, 

S{n) = 2#{^I^B,ord4n)>0}^ 

and 

p{s,t)= / (l + tx)-'-, {t>0). 

Jl X 
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2. If V = pj( oo,e(v) = 0, av{m) is equal to 

6{n)r{{l — n)'m)r{nm/N)oidy{nmp)logN(v). 



n&Nm-^DE~^ 
£„((n— l)n)=l 
ew{{n—l)n)=l\/v^w\DE 
0<n<l 



3. If V = pI oo,e(t') = —1, avijn) is equal to 

6{n)r({l — n)m)r{nm/Np)oi(ly{nmp/N)\og^{v). 

6u,(.(n-l)n)=l\/v\DE 
0<n<l 

4. IfvJ(oo,£{v) = 1, 

a^(m) = 0. 

Proof. By Proposition 6.3.4 and 6.4.4, the Fourier coefficients a{m) (mod Pjv) 
are given by 

(6.4.7) £(^l^(4^).lim^6^(m) 



where 



From formulas of 6"(1, ty^) one can show that if n = or 1, 6"(m) is a Unear 
combination of a multiple of r{m) and its derivatives. Thus, modulo V^, we 
may assume that n 7^ 0, 1 in (6.4.7). Moreover 6"(m) 7^ only if nDEmN~^ 
is integral and 1 — n is totally positive. In this case bg{m) is equal to 

(6.4.8) (-47r2)5,5(n)r((l - n)m) ^ bl^im) 

V 

where v runs through all places of F, and 

&",.M= / fc"(l,^yoo)^(2^yoo)|yoor-'dyoo. 

Now we compute ^{m) case by case using Proposition 6.3.4. 
Case 1. I 00. In this case, h^gim) is nonzero only if 

• n is negative at place v, but positive at other infinite places, 

• ep{{n — l)n) = 1 for every place p of De- 
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In this case, by^g{m) is equal to 

(6.4.9) r{nm/N) [ qMny^\)'ilj{2iy^)\y^\'-'dy^ 

r(.)i^ 



= r{nm/N) 



(47r)^ 



p(s, \nv\). 



Case 2. v \ oo,e{v) = 0. In this case, b'!^^g{m) is nonzero only if 

• n is totally positive, 

• Eviin — l)n) = —1 but ep((n — l)n) = 1 for every place p of De- 
In this case, 6^^(m) is equal to 

r(.)i^ 



(6.4.10) 



r{nm/N)ordp{nmp) log N(p) 



(4vr) 



Case 3. v \ oo, £{v) = — 1. In this case, &",s(m) ^ only if 

• n is totally positive, 

• £p{{n — l)n) = 1 for every place p of De- 

• ordt,(nm/A^) is odd. 

In this case, 6"^(m) is equal to 

r(s)i^ 



(6.4.11) r{nin/{Npy))oTdp{nmp/N) log N(p) 



(4vr) 



Case 4. t; is a finite place split in E. In this case, 
(6.4.12) KAm) = 0. 

The proposition follows from (6.4.7)-(6.4.12) with 



avim) 



-(47r)Mim Y: Ks 



.m . 



neF 



□ 



The same proof will also give the following: 

Proposition 6.4.6. Assume that e{N) = (—1)^. Let b{m) denote the 
Fourier coefficient of the holomorphic projection of ^i/2- Then for m prime 
to NDe, 



b{m) (mod Pjv) 



dEdp 



E 



5(n)r((l — n)m)r(nm/N). 



neND'^m,-^ 
0<n<l 
6v{n{n-l))=l,\/v\DE 
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7. Proof of the main theorems 



In this section we will finish the proofs of the theorems stated in the 
introduction. We need only prove Theorem C and A. 

7.1. Proof of Theorem C. Recall that $ is the holomorphic form of weight 
2 for Kq{N) with trivial character as constructed in 6.4.1, which is the holo- 



d ^ 

° s=l/2 

By Corollary 6.1.6, we thus have 



morphic projection of ^<1> 



where $5 is a form constructed as in 6.1.5. 



(7.1.1) (/,$) = 5(1/2)L'^(/,1) 
where 

5(1/2) = 2-3dFd'^^d-'/^fi{N). 

Recall also that wc have constructed a form ^ in 4.1.3 whose Fourier 
coefficients are height pairings of CM-points {z, T{m)z), where z is the class of 
77 in the Jacobian of X and the pairing here is the Neron-Tate height pairing. 

The proof of Theorem C will be easily reduced to the following: 

Proposition 7.1.1. With the notation of AAA, 

~^(27if^~ (mod Pat). 
aEUF 

Proof. Wc need to show that both sides have the same value for all m G Ni? 
prime to NDe, modulo Vjy. By Proposition 4.4.5 and 4.5.3, modulo V^, \I'(m) 
is equal to the sum of — (r/, T° (771)77)^. On the other hand, we have studied the 
Fourier coefficients a(m) (mod Vjy) in Proposition 6.4.5 by decomposing it 
into a sum of local terms (m) . Now we only need to show that 

^(77, T°{m)r))y = ^ av{m) (mod Vn). 

V V 

We will prove this by splitting the sum according to types of v. More precisely 
we want to show 

(7.1.2) ^(r?,T0(7n)r?)„ = ^a„(m) (mod P^), 
ves ves 

where S is one of the following: 

1. Soo- the set of infinite places; 

2. 5*0: the set of finite places ramified in E; 

3. ^i: the set of finite places split in E; 



4. ^-i: the set of finite places inert in E. 
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The case of archimedean places. Since is finite, we need only show the 
individual identity 

(?7,T°(m)7?)t, = a^,(m) (mod Vn). 
In view of Proposition 5.4.4 and 6.5.4, wc need only show that the quantity 
E{s) = ^ 5{n)r{{l — n)'m)r{nmDE/N)es{\nv\) 

n&Nm~^ De~^ ,nv<0 
6u,(.n{n-l))=l\fw\DE 

has limit as s — 1, where 

Ss{t)=ps{t)-2Qs-i{l + 2t) {t>0). 
One can show that 

ei(t) = 0, Ssit) = 0{t-'-') 

as i ^ oo. Thus E{s) is absolutely convergent for Re(s) > 0, and has limit 
as s — > 1. 

The case of ramified places. Again Sq is finite, we need only show the 
individual identity 

{r],T^{m)T])y = a^im) (mod Dat). 
This follows directly from Proposition 5.4.8 and (6.4.5). 

The case of split places. In this case 5*1 is not finite. But by Proposition 
5.4.8, the sum 

(?7, T^{'m)ri)y = r{m) ^ ord^(m) log N(t>) 
veSi ves 

has only finitely many nonzero terms and defines an element in T>n. On the 
other hand J^veSi (^vi'm) = 0- 

The case of inert places. Again by Proposition 5.4.8, the left-hand side of 

(7.1.2) is equal to 

(7.1.3) Yl iU^{m)-U^{l)R{m))\ogN{p) (mod P^). 

We need to compare {Up{m) — ?7p(l)i?(m)) log N(p) with ap{m). For £ G 
prime to p define 

k^ii) = E rinm-'/p)ri{n-l)e)5{n), 

0<n<l 
£q(n(n-l))=l,Vg|£lB 
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k'{£) = J2 riniN-^)ri{n-l)£/p)S{n). 

nee-^D-^N 

0<n<l 
Sg{n{n~l))=iyq\DE 

Lemma 7.1.2. Let m' = mp~°^^«'^"^h 

1. //ordp(m) is even, then 

Up{m) log N(p) - ap(m) = 0. 

2. If OT:dp{m) is odd, then 

Up(m) = ordp{mp)kp{m'), 

ap{m) = ordp(mp)logN(p)A;[,(m'). 

Proof. If ordp(m) is even, then the only nonzero terms in a^j{m) arc for 
those n which lie in m~^DE~^N, where m! = ■mp~"^'^^^"^\ This is clear if 
p I m. Otherwise, p\N and then r{nm/Np) ^ will imply that ordp(n) is 
odd. But then r((n — l)m) ^ will imply that ordp(n) is nonnegative. Thus 
C/p(m)logN(p) = ap(m). 

If ordp(m) is odd, then the only nonzero terms in ap{m) are for those n 
which have zero order at p. Indeed, r{nm/N p) / implies ordp(n) is even, 
but r((l — n)m) ^ implies ordp(n) = 0. Actually, ordp(l — n) is positive and 
even. Thus 



ap(m) = ^ r{nm'N ^)r{{n — l)m' /p)5{n)oidp{mp). □ 

0<n'<l 
eg{nin-l))=iyq\DE 

Lemma 7.1.3. Let ieNp be prime to p. Then 
k{l) - k{l) = k'{£) - k\l). 

Proof From the proof of Proposition 5.4.8, it is not difficult to see that 
kp{£) — kp{l) is the local intersection of r) and T°(^)r7 over p without counting 
multiplicities. See formula (5.4.10) with m = £ and m(n') = 1. But this does 
not give a description for k'^{£) — k'^{£)- So we need to give a description in a 
different setting. 

Let R{p) be an order of B{p) of type {E,N{p)) and consider the projec- 
tion map 

TT : C = E><\B{pr/R{pr ^S = B><\B{pr/R{pr. 
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The set C can be considered as the set of CM-points, and the set S as 
supersingular points, the reduction of CM-points. We may define conductors 
for elements in (7, and orientations for elements in C with conductor prime to 
Np for each place dividing Np. The group 

W = {he B{pY : h-^R{p)h}/R{pr 

acting on C does not change reductions and conductors but is free and tran- 
sitive on orientations. For each place v dividing Np, we call the orientation 
defined by 1 the positive orientation. 

By a Q-divisor in C we just mean an element in the free abelian group 
Q[C]. For I prime to N{p) we can also define the Hecke operator T(£) on 
Z[C]. Let r]{p) (resp. ri{p)') be the set of elements in the first set with trivial 
conductor and positive orientations at all places of Np (resp. positive orien- 
tations at places dividing N but negative orientation at place p). Then r}{p) 
and r]{py have the exact same reduction because of the action of W. Now, 
k{l) — k{l) (resp. k'{l) — k'{l)) is the intersection number of rj{p) (resp. f?(p)') 
and T(£)'^(?7(p)) under the specialization map. Thus they are same since ri{p) 
and ri{p)' have the same reductions. □ 

We return to the proof of (7.1.2) for S^i. By (7.1.3), the difference of two 
sides of (7.1.2) for S-i is equal to 

^ (t/p(m)logN(p)-ap(m)) - ^ ([/^(l) log N(p) - a^(l))r(m) 

£(p)=-l £{p)=-l 

e{p)=-l 

The first two terms vanish by the above two lemmas. The last sum is absolutely 
convergent, and thus defines an element in Djv. 



L'^(/,l) = ^^J=[K^{1) : MN)]{f,^). 



Corollary 7.1.4. For any newform f for Ko{N), 

(Stt^^s 

Proof. By Propositions 4.5.1 and 7.1.1, 

$ = -^^ — ; , ^ ^ -I- an old form. 

dEUF 

Now the conclusion follows from formula (7.1.1). □ 

7.1.5. Proof of Theorem C. The ideal is exactly as in [20, p. 308]. By 
Lemma 3.4.5, we may decompose z in Jac(X) (g) C into eigenvectors z^f, with 
the same eigenvalues as (p under Hecke operators T(m) with m prime to A'^: 

^ = m T(m)2;0 = a^{m)z^. 
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As Hecke operators on Jac(C) C are self-adjoint with respect to the Neron- 
Tate height pairing, one has the decomposition 

Now Theorem C follows from this equality and Corollary 7.1.4. 

7.2. Proof of Theorem A. By Theorems B and C, it suffices to prove the 
following generalization of a theorem of Kolyvagin: 

Proposition 7.2.1. Assume that the Heegner point yj in A is not a 
torsion point. Then 

• A{F) has rank given by 

vankA{F) = [Of : Z]oTds=iL{s, f), 

• ni(^) is finite. 

In view of Kolyvagin's method for other cases ([17], [28], [29], [30]), we 
need only to construct certain Euler system of CM-points. We consider square- 
free elements n eNp which are square- free and prime to NDe and such that 
every prime factor i is inert in K. For every such n, we choose a CM-point Xn 
of the conductor n such that 

Xn is included in T{£)xm 

if n = mi with £ a prime. Then x„ is defined over En, the ring class field of 
the conductor n over E. 

Lemma 7.2.2. If n = mi as above, then 

Un ~ '^{^)^m, 

aeGai{E„/Em) 

where Un is the cardinality of the group j Op . 

Proof. By an argument similar to the proof of Proposition 4.2.1, one can 
show that P := ^T{i)xni is a divisor with integral coefficients. It follows that 
P = Q because of the following facts: 

• P includes the divisor Q = EaeGai(E„/£;™) 

• deg P = deg Q; 

• Q is irreducible over Ejn- □ 

As in the case F = Q, this lemma implies that the collection of Xn forms 
an Euler system [28]. 
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gvic,n), 75, 80 
q{S), 82 
R, 24 
Rip), 37 
r(m), 60 

(Ti(m), 18 
Eh, 34 
Siv, 48 
5, 69 

special modulo, 15 
supersingular reduction, 17 

r, 6, 7, 28 
t{e),t'{£), 8, 30 
trijjj, 93 
T, 48 

T, 48 
T, 55 

T(m), 46, 48 
T°(m), 65 
type (Ar,£;), 64 

U, 11 

W, 29 
^^5), 44 

^,1,^, 62,63 

X, 25 

61 

Y,Y',Yc, 29,30 

y,yk,y,y,yk, 33 



z, 63 
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